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1. Introduction 

A continuum is a compact, connected, and non-empty metrizable space. A topological space A is 
homogeneous if for every x, y 6 A, there exists a homeomorphism h: X —> A such that h(x) = y. 

THEOREM 1.1 (Bing 9 ]). Let X be a homogeneous, circle-like continuum that contains an arc. 
Then either X is homeomorphic to a circle, or to a Vietoris solenoid. 

In the course of the proof of Theorem ll.il Bing raised the question: If A is a homogeneous continuum, 
and if every proper subcontinuum of A is an arc, must A then be a circle or a solenoid? An 
affirmative answer to this question was given by Hagopian [26], and subsequent (simpler) proofs in 
the framework of 1-dimensional matchbox manifolds were given by Mislove and Rogers |33j and by 
Aarts, Hagopian and Oversteegen pQ. In this paper, we prove the generalization of this result to 
n-dimensional matchbox manifolds, for all n > 1. 

We introduce some notations required to state our main result precisely. An n-dimensional solenoid 
is an inverse limit space 

(1) S = lim {p e+ i : M e+ i M e } 

where for I > 0, Mi is a compact, connected, n-dimensional manifold without boundary, and the 
maps pe+i ■ Mi + \ — > Mi are proper covering maps. A Vietoris solenoid is a 1-dimensional solenoid, 
where each Mi is a circle. 

If all of the defined compositions of the covering maps pi are normal coverings, then S is said to be a 
McCord solenoid. McCord solenoids are homogeneous [31] . and conversely, Fokkink and Oversteegen 
showed in 22 that any homogeneous n-dimensional solenoid is homeomorphic to a McCord solenoid. 

An n-dimensional foliated space COT is a continuum which has a local product structure |12| 136] : 
that is, every point of 9Jt has an open neighborhood homeomorphic to an open subset of R™ times 
a compact metric space (the local transverse model). The leaves of the foliation T of 50? are the 
maximal connected components with respect to the fine topology on !2Tt induced by the plaques of 
the local product structure. Precise definitions are given in Section [2j 

A matchbox manifold is a foliated space 371 such that the local transverse models are totally discon- 
nected. Intuitively, a 1-dimensional matchbox manifold 5Dt has local coordinate charts U which are 
homeomorphic to a "box of matches." Manifolds and n-dimensional solenoids provide examples of 
matchbox manifolds. 

As remarked above, every homogeneous 1-dimensional matchbox manifold is homeomorphic to a 
circle or a solenoid [T|. Our primary result is the generalization of this 1-dimensional result to 
n-dimensions, thereby proving a strong version of a conjecture of Fokkink and Oversteegen |22[ 
Conjecture 4] under a smoothness assumption, as clarified in Section [51 
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THEOREM 1.2. Let 971 be an homogeneous smooth matchbox manifold. Then 971 is homeomorphic 
to a McCord solenoid. In particular, 971 is minimal. 

As a consequence of Theorem 11.21 and the impossibility of codimension-1 embeddings of solenoids as 
shown in [14], we obtain the following corollary, which is a generalization of the result of Prajs [39] 
that any homogeneous continuum in K. ra+1 which contains an n-cube is an n-manifold. 

COROLLARY 1.3. Let 971 be an homogeneous, smooth n-dimensional matchbox manifold which 
embeds in a closed orientable (n + 1) -dimensional manifold. Then DJl is a manifold. 

The work [16] by the authors studies the problem of finding smooth embeddings of solenoids into 
foliated manifolds with codimension q > 2. It is an open problem, in general, to determine the lowest 
codimension q > 1 in which a given solenoid can be embedded, either into a compact manifold, or 
as a minimal set for a C r -foliation of a compact manifold. 

The proof of the main theorem involves drawing an important connection between homogeneity 
and equicontinuity, based on the fundamental result of Effros that transitive continuous actions of 
Polish groups are micro-transitive HU [51] [52] ■ As a step in the proof of Theorem II .21 we show in 
Theorem l5.2l that Effros' Theorem implies that a homogeneous matchbox manifold is equicontinuous. 
Combining the results Theorem l8.9l and Proposition llO.il we obtain: 

THEOREM 1.4. A smooth matchbox manifold 971 is homeomorphic to an n-dimensional solenoid 
if and only if 97t is equicontinuous. 

Examples of equicontinuous smooth matchbox manifolds which are not homogeneous are given in 
Section [101 showing the results of Theorem 11.21 and Theorem 11.41 are optimal. 

There is an analogy between Theorem 11.21 and the classification theory for Riemannian foliations 
[351 134] . Recall that a Riemannian foliation J- on a compact manifold M is said to be transversally 
parallelizable (or TP) if the group of foliation-preserving diffeomorphisms of M acts transitively. In 
this case, the minimal sets for T are principle ff-bundles, where H is the structural Lie group of 
the foliation. Theorem 11.21 is the analog of this result for matchbox manifolds. It is interesting to 
compare this result with the theory of equicontinuous foliations on compact manifolds, as in [3]. 

However, if 971 is equicontinuous but not homogeneous, then the analogy becomes more tenuous. 
Clark, Fokkink and Lukina introduce in [15] the Schreier continuum for solenoids, an invariant of 
the topology of 371, which they use to calculate the end structures of leaves. In particular, they show 
that there exists non-McCord solenoids for which the number of ends of leaves can be between 2 
and infinity. It is not known if such behavior is possible for Riemannian foliations which are not 
transversally parallelizable. (See [M] for a discussion of ends of leaves in Riemannian foliations.) 

We say that a matchbox manifold 971 is a Cantor bundle, if there exists a base manifold Mo and a 
fibration ttq : 97t — > Mo so that for each b 6 Mq the fiber fo, = 7r ~ 1 (6) is a Cantor set. The proofs 
of Theorem 11.21 and 11.41 are much simpler, at least technically, if we assume that 971 is a Cantor 
bundle. In fact, in [13 the first author gave a proof of Theorem II .21 in the case where 971 is a Cantor 
bundle with base an n-torus T™, for n > 1. The technical simplifications are due to two properties 
of Cantor bundles, one is that for each b £ Mq the fiber = 7r _1 (6) C 971 is a transversal to the 
foliation F of 971. The second simplification is that the local holonomy maps along leaves of T 
are the restrictions of global automorphisms of a fixed fiber Jo = 7r o~ 1 (''o)- The extension of the 
arguments of [13] from the case of a base manifold Mo = T" to an arbitrary compact base manifold 
Mo involves few technical complications. In the general case, the main technical difficulties arise 
due to the absence of given uniform transversals to the foliation J- on 971, and the consequent need 
for uniform estimates on the domains and dynamical behavior of the leafwise holonomy maps. 

Section [2] introduces the basic concepts of matchbox manifolds, and in Section [3] the holonomy maps 
and their properties are considered. Properties of equicontinuous matchbox manifolds are developed 
in Section 01 and properties of homogeneous matchbox manifolds in Section [5j 
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Section |6] begins the proof of Theorem 11.21 in ernest, as we develop the notion of the orbit coding 
for an equicontinuous matchbox manifold. This leads to a "Borel" version of the results of the 
main theorem. Section [7] shows how to obtain the covering quotient maps associated to the Borcl 
structures obtained in the previous section. The results of Section [8] depend upon Theorem 18.31 
which is fundamental for the analysis of the general case, but whose proof is quite technical and 
long, and thus relegated to the companion work |17j . 

Finally, in Section [9] we show that the solenoid structure obtained in Section [8] is a McCord solenoid 
with the additional hypothesis of homogeneity. This completes the proof of the Theorem 11.21 

Section [10] gives examples of matchbox manifolds which are equicontinuous but not homogeneous. 
Section [IT] discusses an application of the main theorem to codimension one embeddings of solenoids. 
Finally, Section [12] discusses a selection of open problems. 

The second author would like to thank the Department of Mathematics at Leicester University for 
the warm hospitality given during a visit in February 2009, when this work was begun. The first 
author would like to thank the Department of Mathematics at the University of Illinois at Chicago for 
its generous hospitality for a visit in November 2010 that was vital to the completion of this project. 
Both authors are grateful to Robbert Fokkink for his comments on this work, and the hospitality 
provided by the University of Delft for hosting both authors during a mini-workshop in August 
2009, and to our colleague Olga Lukina for her many helpful comments and questions. Finally, the 
authors are grateful to the referees for this paper, whose detailed reading(s) and comments greatly 
improved the exposition. 

2. Foliated spaces 

In this section, we discuss the basic concepts of foliated spaces. A more detailed discussion with 
examples can be found in [T3] Chapter 11] and [35] Chapter 2]. 

DEFINITION 2.1. A continuum 971 is a foliated space of dimension n if there exists a compact 
separable metric space X, and for each x £ 97t there is a compact subset % x C X, open subset U x C 971, 
and homeomorphism defined on its closure tp x : U x — > [—1, 1]" x % x such that f x (x) = (0, W x ) where 
w x G int(% x )- The subspace H x of X is called the local transverse model at x. 

Let tt x : U x — > Xr denote the composition of ip x with projection onto the second factor. 

For w € Ta; the set V x (w) = tt x ^ 1 (w) C U x is called a plaque for the coordinate chart (p x . We adopt 
the notation, for z £ U x that V x {z) = V x (ir x (z)), so that z £ P x (z). Note that each plaque V x (w) is 
given the topology so that the restriction (p x : V x (w) — > [—1,1]™ x {w} is a homeomorphism. Then 
int{V x {w)) = f x 1 {{-l,l) n x{w}). 

Let U x = int(Ui) — f x lj 1)" x int(1, x )). We require, in addition, that if z £ U x Pi U y , then 
int(V x (z)) (~l int(V y (z)) is an open subset of both V x (z) and V y (z). 

The collection of sets 

^ = Wx\V x {w}) \ xeM, w e X x , V C (-1, 1)" open} 

forms the basis for the fine topology of 9H. The connected components of the fine topology are called 
leaves, and define the foliation T of 9JT. For x 6 971, let L x C 91T denote the leaf of T containing x. 

Note that in the above definition, the collection of transverse models {1 X \ x € 9Jt} need not have 
union equal to X. This is similar to the situation for a smooth foliation of codimension q, where 
each foliation chart projects to an open subset of K 9 , but the collection of images need not cover M 9 . 

A smooth foliated space is a foliated space 371 as above, such that there exists a choice of local charts 
fx ■ U x —> [—1, 1]" x 1 X such that for all x,y £ 971 with z £ U x fl U y , there exists an open set 
z £ V z C U x r\U y such that V x (z) n V z and V y {z) n V z are connected open sets, and the composition 

1px,y;z = Vy 1 ° fx ■ fxCP x (z) D V z ) ip y (V y (z) H V z ) 
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is a smooth map, where y x {V x {z) n V z ) C M" x {w} M" and <p y (V y (z) n F z ) C K™ x {«/} R n . 
Moreover, we require that the maps t/>x,y,z depend continuously on z in the C°°-topology on maps. 

A closed saturated subset 971 C M of a smooth foliation J 7 of a compact Riemannian manifold M 
defines a smooth foliated space; but there are many other types of examples of smooth foliated 
spaces, as discussed in [12] Chapter 11] and also in this paper. 

A map /: 971 — > M is said to be smooth if for each flow box ip x : U x — > [—1,1]" x % x and w £ 1 X 
the composition yn/o ip~ (y, w) is a smooth function of y £ (—1, l) n , and depends continuously 
on w in the C°°-topology on maps of the plaque coordinates y. As noted in [36] and [321 Chapter 
11], this allows one to define smooth partitions of unity, vector bundles, and tensors for smooth 
foliated spaces. In particular, one can define leafwise Riemannian metrics. We recall a standard 
result, whose basic idea dates back to the work of Plante [38] if not before. The proof for foliated 
spaces can be found in [T2] Theorem 11.4.3]. 

THEOREM 2.2. Let 971 be a smooth foliated space. Then there exists a leafwise Riemannian metric 
for J- ' , such that for each x £ 971, L x inherits the structure of a complete Riemannian manifold with 
bounded geometry, and the Riemannian geometry depends continuously on x . □ 

In this paper, all foliated spaces are assumed to be smooth, equipped with a leafwise Riemannian 
metric as in Theorem 12.21 

DEFINITION 2.3. A matchbox manifold is a continuum with the structure of a smooth foliated 
space 971, such that for each x £ 971, the transverse model space % x C X is totally disconnected. 

2.1. Metric properties. Bounded geometry on the leafwise metric for T implies that for each 
x £ 971, there is a leafwise exponential map exp^ : T X J- — > L x which is a surjection, and the 
composition i o exp^ : T x T — > L x C 971 depends continuously on x in the compact-open topology. 

The study of the dynamics of a foliated space SOT requires generalizing various concepts for flows, 
and group actions more generally, about the orbits of points in 971, to the properties of leaves L of 
a foliation T . On a technical level, it is very useful in developing these generalizations to have a 
strong local convexity property for the leaves, generalizing the local convexity of the orbit of a flow. 

Another nuance about the definition of foliated spaces, and matchbox manifolds in particular, is 
that for given x £ 971, the neighborhood U x in Definition 12.11 need not be "local". As the transversal 
model % x need not be connected, the set U x need not be connected, and a priori its connected 
components need not be contained in a metric ball around x. 

The following technical procedures ensure that we can always choose the local charts for a matchbox 
manifold 971 to satisfy strong local convexity, as well as other metric regularity properties. 

Let dm : 971 x 97t — > [0, oo) denote the metric on 971, and d% : X x X — > [0, oo) the metric on X. 

For x € 971 and e > 0, let D^\{x, e) = {y £ 971 | dm(x,y) < e} be the closed e-ball about x in 971, 
and i?ojt(x, e) = {y £ 971 d<xn(x, y) < e} the open e-ball about x. 

Similarly, for w £ X and e > 0, let D%(w,e) = {w' £ X | dx(w,w') < e} be the closed e-ball about 
w in X, and B%(w, e) = {w' £ X | dx{w, w') < e} the open e-ball about w. 

Each leaf L C 971 has a complete path-length metric induced from the leafwise Riemannian metric. 
That is, for x, y £ L define 

d^(a;,y)=inf{||7|||7: [0, 1] -> L is C 1 , 7 (0) = x , 7 (1) = y] 

and where ||7|| denotes the path length of the C 1 -curve j(t). If x,y £ 971 arc not on the same leaf, 
then set dp(x, y) — oo. 

For each x £ 971 and r > 0, let Djr(x, r) = {y £ L x djr(x, y) < r}. The Gauss Lemma implies that 
there exists X x > such that Djr(x, X x ) is a strongly convex subset for the metric dp. That is, for 
any pair of points y, y' £ Djr{x, X x ) there is a unique shortest geodesic segment in L x joining y and 
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y' and it is contained in Djr(x, X x ) (cf. [10], p~8l Chapter 3, Proposition 4.2]). Note then, that for 
all < A < X x the disk Dj^(x, A) is also strongly convex. 

LEMMA 2.4. There exists Xjr > such that for all x £ 9Jt, Djr(x, Xjr) is strongly convex. 

Proof. 971 is compact and the leafwise metrics have uniformly bounded geometry. □ 

If J- is defined by a flow without periodic points, so that every leaf is diffeomorphic to K, then the 
entire leaf is strongly convex, so Xjr > can be chosen arbitrarily. For a foliation with leaves of 
dimension n > 1, the constant Xjr must be less than the injectivity radius for each of the leaves. 

2.2. Regular covers. We next define a "regular covering" of dJl by foliation charts, which is a 
finite collection of foliation charts which are well-adapted to the metrics d<xn on 9Jt and d% on X, 
and the leafwise metric dj. The definition is somewhat technical, but this seems to be a necessary 
aspect of working with foliated spaces, as the usual metric properties of charts which hold for smooth 
foliations need not hold in general, and are replaced by the estimates imposed below on the charts. 

LEMMA 2.5. There exists ejr > such that for all x £ DJl, there exists a compact set U C DJl 
such that Drgi(x, 3ejr) C int(U ), and for each leaf L of J 7 , each connected component of LP\U is a 
strongly convex subset of L. 

Proof. For each x £ 9JI, let ip x : U x — > [—1,1]" x 1 X be a foliation chart with (p x (x) = (0, w x ) as 
above. Then there exists e x > such that D<xa(x,e x ) C U x . By the continuity of ip x and the 
assumption that w x £ int{ c Z x ) 1 there exists e' x > such that Dx(w x , e' x ) C int(% x ) and 

(2) T x = if, 1 ({0} x D x (w x , e' x )) C B m (x, e x ) . 

As T x is compact and B<xn(x,e x ) is open, there exists < 5' x < Xjr such that for each y G T x the 
strongly convex disk Djr(y,5' x ) C B<xfi(x,e x ). Let 

U' x = (J D ^y^ 6 ' X ) c B m (x,e x ) . 

The image ip x (u' x ) C [— l,l]"xXa; contains (0, w x ) in its interior, so the collection U' = {U x \ x G SH} 
forms a covering. Let tu' > be a Lebesgue number for this covering. Set tjr = eu' /3. □ 

Next, introduce coordinate charts with diameter bounded above by ejr. For each x 6 971, let 
fx ■ Ux — > [—1, 1]" x be a foliation chart with (p x (x) = (0, w x ) as above. Then there exists e" > 
such that Dx(w x ,e x ) C int(1 x ) and 

%' = Vx 1 ({0} x £>sK,40) C B m (x,e?) . 

As T x is compact and Bm(x, ejr) is open, there exists < 8 X < Ajf/4 such that for each y £ T x the 
strongly convex disk Djr(y, S x ) C B<xn(x, ejr). Let 

(3) ~U" X = |J Dr(y,5 x ) C S OT (x,e^). 

The restriction of (/3a; to U x can be smoothly modified to ip x (for example, using the inverse of the 
leafwise exponential map followed by a smooth map from the r^-ball in T X L X to the unit cube) so 
that ip" x : U x — > [—1, 1]" x Dx(w X: e") is a homeomorphism onto. 

Replace with Dx(w x , e"), U x with U x , and (^^ with 95". Thus, for each x £ 9H, we can assume 
there are given e", S x > 0, w x £ X and a foliation chart : U x -> [—1,1]™ x T x such that U x C 
i?9ji(a;, ejr) ) and the plaques of tp x are leafwise strongly convex subsets with diameter 2S X < Xj^/2. 

The collection of open sets 

{U x = int(U x ) = f- 1 ((-1, 1)™ x B x (w x ,e x )) \ x £ M} 
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forms an open cover of the compact space COT, so there exists a finite subcover "centered" at the 
points {x\, . . . ,x u } where ip Xi (xi) = (0,w Xi ) for w Xi G X. Set 

(4) 5% = mm{S Xl ,...,S x J . 

Each open set U Xj can be covered by a finite collection of foliation charts of the form with lcafwise 
radius S Thus, we can assume without loss that each U Xi is defined by where S Xi = <5j. This 
covering by foliation coordinate charts will be fixed and used throughout, so we simplify notation. 

For 1 < i < v, set Ui = U Xi , Ui — U Xi , and = e".. Let U — {U\, . . . , U v } denote the corresponding- 
open covering of COT. Then there are corresponding coordinate maps 

<Pi = ip Xi : Ui ->• [-1,1]™ X % , TTj = ir Xi :~U i %i , A* : Z/j ->• [-1, l] n . 

For z £ Ui, the plaque of the chart ipi through z is denoted by Vi(z) — Vi{-Ki{z)) C Ui. Note that 
the restriction Xi : Vi(z) — > [— 1, 1]™ is a homeomorphism onto. 

Also, define sections 

(5) Ti,£ : 1 l Ui , n^(w) = ifi 1 ^, w) ; n = r j S . 

Note that ^(tj^io)) = w. Let 71 denote the image of r, and set T= 71 U • ■ • U71 C 9Jt. 

Let T» = Ti U • • • U 1 U C X; note that T* is compact, and if each % is totally disconnected, then 
T* will also be totally disconnected. 

DEFINITION 2.6. A regular covering of a smooth foliated space SOT is a covering by foliation 
charts satisfying the above conditions: locality; that is, each Ui C B?jji(xi, ejr), and local convexity. 

We assume that such a covering U = {<pi : Ui — s- [—1, l] n x 1i | 1 < i < v} of 9JT has been chosen. 

If J 7 is a smooth foliation of a compact manifold M , and COT C M is a closed saturated set, then 
the restriction to SOT of a regular covering for J 7 an. M (as defined for example in [12l Chapter 2]) 
provides a regular covering of the foliated space SOT in the sense of Definition 12.61 

LEMMA 2.7. Suppose that z G f/, fl Uj then Vi{z) (1 Vj{z) is a strongly convex subset of L z . 

Proof. Our assumptions imply that Ui U Uj has diameter at most 2ejr hence there exists U C CUT 
as in Lemma 12.51 such that each plaque Vi{z) and Vj{z) is contained in a strongly convex subset of 
L z n U. As these sets intersect, they must be contained in the same connected component of L z n U, 
which is strongly convex, and thus Vi(z) n Vj{z) is also strongly convex. □ 

Lemma 12.71 eliminates the possibility that one of the charts Ui might contain "very long" leaf 
segments, which could intersect another chart Uj in more than one connected component. 

2.3. Local estimates. We next introduce a number of constants based on the choices made in 
Section [2.2[ which will be used throughout the paper when making metric estimates. 

Let tu > be a Lebesgue number for the covering U. That is, given any z G COT there exists some 
index 1 < i z < v such that the open metric ball B<xj\(z, eu) C Ui z . 

The local projections tTj : Ui — > Ti and sections : Ti — > Ui are continuous maps of compact 
spaces, so admit uniform metric estimates as follows. 

LEMMA 2.8. There exists a continuous increasing function p v (the modulus of continuity for the 
projections iti ) such that: 

(6) V 1 <i < v and x,y €Ui , d m (x, y) < p n (e) dx(TTi{x), n{y)) < e ■ 

Proof. Set pir{e) = min {e, min | 1 < i < v , x,yeU iy d x (^i(x),TTi(y)) > e}}. □ 
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LEMMA 2.9. There exists a continuous function p T (the modulus of continuity for the sections 
n^) such that: 

(7) V £ G [-1,1]" , V 1 < i < v , Vw,w' G T 4 , 4(»,»') < Pr(e) <W^(™)^ ;€ («/)) < e . 

Proof. Setp r (e) = mm{d x (w,w') \ £ G [-1,1]" , 1 < i < v , 10,10' G Tj , ^(7-^(10), ^(u/)) > e}, 
unless the set of points (to, «/) satisfying these restraints is empty, in which case we set p T (e) — e. □ 

Finally, we introduce two additional constants, derived from the Lebesgue number en chosen above. 
The first is derived from a "converse" to the modulus function p w . Set: 

(8) ej = max {e | V 1 < i < v, V x G U l , D m (x, e u /2) C U % , (a;), e) C tt, (D m (x, e u /2))} . 
Note that > p T (e u /2). 

Introduce a form of "leafwise Lebesgue number" , defined by 

(9) e £(y)=sup{e|VyGaJt, D^(y,e) CD m (y,e u /&)} , e£ = min{e£(y) | V y G 2t} . 

Thus, for all y G SOT, D r {y,e^) C Am(y, e M /8). Note that for all r > and z' G D r {z,efj), the 
triangle inequality implies that B<xn{z' ,r) C B$ji(z,r + e^/8). 

3. HOLONOMY OF FOLIATED SPACES 

The holonomy pseudogroup of a foliated manifold (M, J 7 ) generalizes the discrete cascade associated 
to a section of a flow. The holonomy pseudogroup for a matchbox manifold (9Jt, J 7 ) is defined 
analogously, although there are delicate issues of domains which must be considered. 

A pair of indices (i,j), 1 < i, j < f, is said to be admissible if the open coordinate charts satisfy 
Ui n Uj ^ 0. For (i,j) admissible, define Dij — 7Tj(£7j n C/j) C 1; C 1 Then the closure Djj = 
Ki(Ui n ?7j). The hypotheses on foliation charts imply that plaques are either disjoint, or have 
connected intersection. This implies that there is a well-defined homeomorphism hj^ : Dij — > Qjj 
with domain D(hj : i) = Dij and range R(hj t i) = Qj.i- The map hjj admits a unique continuous 
extension to hj^: Sjj — > Sj.i- 

The maps = | admissible} are the transverse change of coordinates defined by the 

foliation charts. By definition they satisfy h^i — Id, h^j — hjj, and if Ui fl Uj fl Uk 7^ then 
/ifej hjj = hk,i on their common domain of definition. The holonomy pseudogroup Qjr of T is the 
topological pseudogroup modeled on X generated by compositions of the elements of . 

A sequence I — (i , i 1 ,...,i a ) is admissible, if each pair (ig_i,i e ) is admissible for 1 < t < a, and 
the composition 

(10) hi = hi a ,i a _ x o ■ ■ ■ o hi lt i 

has non-empty domain. The domain D{h%) is the maximal open subset of C Xi for which 

the compositions are defined. 

Given any open subset U C D(hx) we obtain a new element hx\U G £f by restriction. Introduce 

(11) g> = {hi\U I X admissible &U C D(h x )} C for . 

The range of 5 = /iz|[/ is the open set R(g) = hz(U) C 1i a C X. Note that each map g G C?£ admits 
a continuous extension g: -D(g) = U — > Tj a . 

We introduce the standard notation for the orbits of the pseudogroup Qjr, where for «)£l, set 

(12) 0(w) = { 5 H I g G <?> , tu G D(g)} C 1* . 

Given an admissible sequence X = (ig, i\, . . . , i a ), for each < £ < a, set Ii = («o, ii, . ■ . , it) and 

(13) hx e = h ieM _ 1 o • • • o hi u i . 

Given £ G D(hx) we adopt the notation ^ = hz e (£) G T^. So £ = £ and /iz(£) = 
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Given £ £ D(hx), let a; = xo = Ti (^o) G Lj,. Introduce the plaque chain 

For each < I < a, we have int(Vi e )) n int(Pi e+1 (&+i)) 7^ 0- Moreover, each "P^ (^) is a strongly 
convex subset of the leaf L x in the leafwise metric d?. Recall that Vi e (xe) = Viei^e), so we also 
adopt the notation Vx{x) = Vx(£). 

Intuitively, a plaque chain Vx(Q is a sequence of successively overlapping convex "tiles" in L starting 
at xq = Ti (£o), ending at x a = Ti a {^ a ), and with each Vi e (fy) "centered" on the point xi = T% t (fet). 

3.1. Leafwise path holonomy. A leafwise path is a continuous map 7: [0, 1] — > 9Jt with image in 
some leaf L of T . The construction of the holonomy map h 1 associated to a leafwise path 7 is a 
standard construction in foliation theory ([40], [25], [11], [12j Chapter 2]). We describe this in detail 
below, paying particular attention to domains and metric estimates. 

Let X be an admissible sequence. We say that (I, w) covers 7, if there exists a partition = sq < 
Si < • • • < s a = 1 such that for the plaque chain Vx(w) — {Vi {wq), 7\ (u>i), . . . , Vi a (w a )} we have 

(14) 7([**.**+i]) C int(P u (wt)) , < £ < a, & 7 (1) e mt(P la K)) 

It follows that wq — 7r io (7(0)) € D(hx)- 

Now suppose we have two admissible sequences, I = (io, ij., . . . , i a ) and J' = (Jo,ji, ■ ■ . , jp), such 
that both (I, w) and w) cover the leafwise path 7 : [0, 1] — > DJl. Then 

7 (0) € int(V io (w )) nint(V jo (v )) , 7(1) e int(V ia (w a )) n int(V jfi (v )). 

Thus both («o, Jo) and (iajjp) are admissible, and i>o = hj 0t i (wo), w a — hi ay j p (vp). 

PROPOSITION 3.1. The maps hx and hi a .j f3 o hj o hj 0t i agree on their common domains. 

Proof. Let £ e £(%) n o hj ° ^- 0)io ). Set £' = MO. C = fyo,<o(0 and C' = MO- We 

must show that £' = ft-^,^ (C')- 

Let = so < si < • ■ ■ < s Q = 1 and = ro < n < ■ ■ • < = 1 be the partitions associated to I 
and JT, respectively. The condition (|14p is open, so without loss of generality, we can assume that 
the two partitions have no points in common except endpoints. Let = to < t\ < ■ ■ ■ < t u = 1 be 
the partition obtained by forming the common refinement of the two partitions: for each £, either 
te — s m for some < m < a, or te. = r m > for some < ml < (3. 

For each < £ < u> we are given that j(tt) € Ui (1 Uj , where mi is the largest m with s m < ti 
and m'g is the largest m' with r m > < tg. Re-index the plaque chains Vz(£) and Vj(C) as follows: 

Let ^£ = £ mi — hx m (£), so that (^) denotes the plaque of Ui m corresponding to £ me . 
Let Q = £ m < ~ hj , (C), so that T 3 ,- , (0) denotes the plaque of Uj , corresponding to ( m ' . 

We inductively construct a plaque chain V = {Pq, V%, . . . , V^} which covers both plaque chains 
Vx(0 and Vj(Q, so that V ia (£ a ) U V Jp (Cfi) C ^ and thus f = /i iaJ> (C')- 

For £ = 0, the plaques Px{S,o) ^'Pj(Co) as £ € D(hj 0yio ). Thus, the diameter of the set £/j Ut/, 
is at most 2ejr. By Lemma [2T5l there exists a coordinate chart f/o such that Ui U C/ J0 C int(Uo). 
Let Po be the plaque of Uo containing the connected set Tx{£,o) U Pj(Co)- 

Now proceed by induction. Assume that coordinate charts |[/o, C7"i , . . -,Uk \ have been chosen so 

that Ui e U Uj t C int(Ui) for < £ < k, and a plaque chain {Po,Vi, ■ ■ ■ 7 Vk} defined with Vi C Ui 
and for < £ < k, 

V imt l (Ce-i) U P im , (O-i) U ^ (&) U (0) c % ■ 
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There are now two cases: either rrik ^ mk+i and m' k — m' k+1 , or m,k = mk+i and m' k ^ m' k+1 . 
Consider the first case, so that Uj , = Uj , and Vi m R Vi m (Cfc+i) 7^ 0- We also have 

j(tk+i) G ?7i m n[/j , , from which it follows that the union {Ui k U Uj h U Ui k+1 U Uj k+1 } 

k+1 m k+l 

is connected with diameter at most 3ejr. By Lemma 12.51 there exists a coordinate chart Uk+i 
containing the union in its interior. Let Vk+i be the plaque of Uk+i containing the connected set 

Vi (&) u v 3m , (a) U Pi (6+1) u V jm , (Ck+i) c r k+1 . 

This completes the induction. The resulting plaque chain {"Pq, Pi, ■ ■ • ,Pui} thus covers both plaque 
chains Vx(£) and Vj[Q. In particular, 

Via, u (C/j) = P« n (tf <a u U J(3 ) =► p io (&) n ^ (&) = ^ n (f7 ia n c7 J3 ) ^ . 

Now, f = n a {V ia (f a )) and C' = 7r ifl (7^ (&)) so £' = ^ ^ ((>) follows. □ 

The interested reader can compare the above argument to the proof of [12] Proposition 2.3.2] where 
it is shown that the germinal holonomy along a path is well-defined. The two proofs are essentially 
the same; yet a detailed proof of Proposition 13 . 1 1 is included, as the study of equicontinuous maps 
depends fundamentally on having equality on domains of fixed size, and not just germinal equality. 

3.2. Admissible sequences. Given a leafwise path 7: [0, 1] — > 971, we next construct an admissible 
sequence I = (io, i\, . . . , i a ) with w 6 D(hx) so that (I, w) covers 7, and has "uniform domains" . 

Inductively, choose a partition of the interval [0, 1], = so < s\ < ■ ■ ■ < s a = 1 such that for each 
< i < a, 7 ([s^,S£+i]) C Djr(xe,ey) where xi = "f{si). As a notational convenience, we have let 
s a +i = s a , so that j([s a ,s a+ i]) = x a . 

For each < £ < a, choose an index 1 < i? < v so that Bsjji(%i, eu) C Ui e . Note that, for all 
si <t < Sjt+i, B m (-f(t),e u /2) C Ui t , so that x e+1 G U it R U le+1 . It follows that 1 1 = (i ,ii, ■■■ ,i a ) 
is an admissible sequence. Set /i 7 = h% . Then hj(w) = w', where w = ^^(xq) and w' = 7Tj (i a ). 

The construction of the admissible sequence I 7 above has an important special property. For 
< £ < a, note that xg + \ G Dj^(xe+i,e^) implies that for some si < s' e+1 < sg+i, we have that 
■y([s' i+1 , s l+1 ]) C Djr(x e+1 ,efi). Hence, 

(15) S OT ( 7 (t), e u /2) G U ie n U le+1 , for all s' e+1 < t < s l+1 . 

Then for all s' e+1 <t< s^+i, the uniform estimate defining ej > in implies that 

(16) B x {n it W)),eu) C^,i H1 & ( 7 (t)), ej) C . 

For the admissible sequence Z 7 = (zq, ii, . . . , i a ), recall that xe = 7 (s^) and we set wi — iTi e (xi). 
Then by the definition (IT0| of /ix the condition (IT6l) implies that Dx(we,elf) C D(hg). 

That is, /jz~ is the composition of generators of Q*jr which have uniform estimates on the radii of the 
metric balls contained in their domains, where ej is independent of 7. 

There is a converse to the above construction, which associates to an admissible sequence a leafwise 
path. Let X = (ig, ii, . ■ . , i a ) be admissible, with corresponding holonomy map hi, and choose 
to G D(hx) with x = Ti (w). 

For each 1 < I < a, recall that li = (io, ii, . . . , ie), and let hx t denote the corresponding holonomy 
map. For I = 0, let 1$ = (io, io). Note that hx a = hx and hx = Id: 1q — )• To- 

For each < £ < a, set = hx t (w) and = Ti e (wg). By assumption, for £ > 0, there exists 

z e g ^_i(^_i) n Vfiwi). 

Let 7^ : [(£ — l)/a,£/a] — > ia; be the leafwise piecewise geodesic segment from to 2^ to X£. 
Define the leafwise path j x : [0, 1] — > L Xo from xo to x a to be the concatenation of these paths. If we 
then cover 7^ by the charts determined by the given admissible sequence I, it follows that hx — h^ . 
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Thus, given an admissible sequence I = (io, ii, ■ ■ ■ , ice) and w G D(hx) with w' = hx(w), the choices 
above determine an initial chart (pi with "starting point" x — t; (w) G Ui C 931. Similarly, there 
is a terminal chart </5,* a with "terminal point" x' = Ti a («/) G J7j a C QJl. The leafwise path 7f 
constructed above starts at x, ends at x' ', and has image contained in the plaque chain Vx(x). 

On the other hand, if we start with a leafwise path 7: [0, f] — > 971, then the initial point x = 7(a) 
and the terminal point x' — 7(6) are both well-defined. However, there need not be a unique index 
jo such that x G £/j and similarly for the index jp such that x' G Uj p . Thus, when one constructs an 
admissible sequence J — (jo, ■ • • , jp) from 7, the initial and terminal charts need not be well-defined. 
This was observed already in the proof of Proposition 13.11 which proved that 

hx\U = h ioiijf! o hj o hj 0tio \U for U = D(h T ) n D(h ia t j e o hj o h j0iio ) . 

We introduce the following definition, which gives a uniform estimate of the effect of this ambiguity. 

LEMMA 3.2. There exists a continuous function n: (0,oo) — > (0,oo) such that for all admissible 
(i,j) there is a uniform estimate: 

(17) dx(hj.i(w),hj i (w')) < n(r) for all w, w' G 55,^ with d%(w, w') < r . 
Moreover, lim n(r) — 0. 

Proof. For (i, j) admissible, the holonomy map hj^ extends to a homeomorphism of the closure of 
its domain, hji'. Dij — > Qj.i- Thus, for r > 0, the product map hj^ x hj y i is continuous on the 
compact set 03^ = {(w,w') | w,w' G 3?^- , dx(w,w') < r}, hence we obtain a finite upper bound 

(18) «;(r) =max{dj(/i Ji! (w),/ij j i()ii')) | («,j) admissible , (w,w') G 93^} . 

Note that lim k(t) — follows from continuity of the maps hij. □ 

We conclude this discussion with a useful observation which yields a key technical point, that the 
holonomy along a path is independent of "small deformations" of the path. First, we recall a 
standard definition: 

Let h: U — > V be a homeomorphism, where U, V G X* are open subsets, and let w £ U. Given 
a second homeomorphism h' : U' — ¥ V' be a homeomorphism, where U',V C T* are also open 
subsets, with w G U' . Then define an equivalence relation, where h ~ hi if there exists an open set 
w G V" G U n [/' such that h\V = h'\V. 

DEFINITION 3.3. The germ of h at w is the equivalence class [h] w under this relation, which is 
also called the germinal class of h at w. The map h: U —> V is called a representative of [h] w . The 
point w is called the source of [h] w and denoted s([h] w ), while w' — h(w) is called the range of [h] w 
and denoted r([h] w ). 

Let X = (io, ii, . . . , i a ) be admissible, with associated holonomy map hj- Given w, u G DQiz), then 
the germs of h% at w and u admit a common representative, namely h%- Thus, if 7, 7' are leafwise 
paths defined as above from the plaque chains associated to (I, w) and (X, u) then the germinal 
holonomy maps along 7 and 7' admit a common representative by Proposition [3TTJ This is the basic 
idea behind the following technically useful result. 

LEMMA 3.4. Let 7,7': [0,1] -> DJl be leafwise paths. Suppose that x = 7(0), x' = j'(0) G U l and 
y = 7(1), y' = 7'(1) G Uj. If d<3]i{j{t),Y{t)) < for all < t < 1, then the induced holonomy 
maps /Ly, h 7 t agree on their common domain D(h 7 ) (~l D(hy) G %i- 

Proof. Choose a partition of the interval [0,1], = sq < Si < • • • < s a = 1 such that for each 
< £ < a, both paths satisfy the conditions 

<kn(l/(st), 7(^+1)) < , <im(7'(s<),7'(s /+ i)) < . 
Set a;^ = 7(sf ) and a;^ = 7'(s^) for < ^ < a, and where for notational convenience, we let s 
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Then note that for all s Q _i < t' < s Q +i we have 

(19) dm(j(s a ),Y(t')) < dm(j(s a ),Y(s a )) + dm{Y{s a ),Y(t')) < e u /A + eu/8 < e u /2 . 
For each < I < a, choose an index 1 < i( < v so that Br m (xi 1 tu) C Ui t . 

Then for all S£ < t < S£ + i, Bgjt^^), ew/2) C Ui e , so that xg+i E Ui f n Ui e+1 . It follows that 
X = (iq, ii, . . . , i a ) is an admissible sequence. Set fr 7 — hi. 

Also, by (fT9|) we have 7'([s£_i, s^+i]) C Bsji(l(si),eu/2) so that I is also an admissible sequence 
defining fry = frj. Thus, € D{hx) C X.; . 

As the domains for fr 7 and fry are defined to be the maximal subsets of Ti where the maps 
are defined, this shows they agree on the subset -D(frz) C D(fr 7 ) n D(fry), so we are done by 
Proposition EIU □ 



3.3. Homotopy independence. Two leafwise paths 7, 7' : [0, 1] —> 9H are homotopic if there exists 
a family of leafwise paths 7 S : [0,1] — > 9Jt with 70 = 7 and 71 =7'. We are most interested in the 
special case when 7(0) = 7'(0) = x and 7(1) = 7'(1) = ])■ Then 7 and 7' are endpoint-homotopic 
if they are homotopic with 7 S (0) = x for all < s < 1, and similarly 7 S (1) = y for all < s < 1. 
Thus, the family of curves {7s (i) | < s < 1} are all contained in a common leaf L x . The following 
property then follows from an inductive application of Lemma 13.41 

LEMMA 3.5. Let 7,7': [0,1] — > DJl be endpoint-homotopic leafwise paths. Then their holonomy 
maps hy and fry agree on some open subset U C Z3(fr 7 )nD(fry ) C X*. In particular, they determine 
the same germinal holonomy maps. 



Proof. Let H{s,t): [0,1] x [0,1] -» DJl with H(0,t) = 7 (t), H(l,t) = 7 '(<), and H(s,0) = 7(0), 
H(s, 1) = 7(1). Choose a partition of the interval [0, 1], = to < *i < • • " < = 1 such that for all 
< s < 1 the leafwise distance estimate holds, 

d m {H{s,t e ),H(s,t e+1 )) <e£ . 

Then choose a partition = sq < Si < • • • < sp = 1 so that for all < £ < j3 we have the uniform 
estimate 

d m (H( Si ,t),H(si +1 ,t)) < e u /4: for all 0<t<l. 

Then apply Lemma [3T4l inductively to the paths t >-> H(sg,t) and 1 1-> H(se + i,t) for < I < (3, and 
the conclusion follows. □ 



The following is another consequence of the total convexity of the plaques in the foliation covering: 

LEMMA 3.6. Suppose that 7,7': [0, 1] — > 9Jt are leafwise paths for which 7(0) = 7'(0) — x and 
7(1) = 7'(1) = x', and suppose that dan(7(i),7' '(*)) < W 4 f or all a<t <b. Then 7,7': [0, 1] ->■ Tl 
are endpoint-homotopic. □ 



Given g € Q*jr and w G D(g), let [g] w denote the germ of the map g at w. Set 
(20) r^, w = {[g] w I g G ^> , w G , <?M = ^} ■ 

Given x E Ui with w = 7rj(a:) G T*, the elements of Tjr w form a group, and by Lemma |3 . 51 there is a 
well-defined homomorphism hjr x : iri(L x , x) — > Tjr_ w which is called the holonomy group of J- at x. 



3.4. Non-trivial holonomy. Note that if y E L x then the homomorphism hjr y is conjugate (by an 
element of Q^) to the homomorphism hjr x . A leaf L is said to have non-trivial germinal holonomy 
if for some x E L, the homomorphism hjr x is non-trivial. If the homomorphism hjr x is trivial, then 
we say that L x is a leaf without holonomy. This property depends only on L, and not the basepoint 
x E L. The foliated space 9Jt is said to be without holonomy if for every x E DJl, the leaf L x is 
without germinal holonomy. 
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LEMMA 3.7. Let 97t be a foliated space without holonomy. Fix a regular covering for 97t as above. 
Let I, J be two plaques chains such that w £ Dom(hx) H Dom(hj) with hz(w) = w' = hj(w). 
Then hx and hj have the same germinal holonomy at w. Thus, for each w' £ 0(w) in the Q*jr orbit 
of w, there is a well-defined holonomy germ h WtW i. 

Proof. The composition g = hj 1 o hx satisfies g(w) — w, so by assumption there is some open 
neighborhood w £ U for which g\U is the trivial map. That is, hx\U = hj\U. □ 

We introduce a mild generalization of the notion of a foliation without holonomy. 

DEFINITION 3.8. The foliated space 97t is said to have finite holonomy if there is a (compact) 
foliated space without holonomy 971 with foliation T , and a finite-to-one foliated map TE : 371 — >• 971 
which is a surjection, and the restrictions ofH to leaves of J- are covering maps onto leaves of T . 

Finally, we recall a basic result of Epstein, Millet and Tischler [3T] for foliated manifolds, whose 
proof applies verbatim in the case of foliated spaces. 

THEOREM 3.9. The union of all leaves without holonomy in a foliated space 971 is a dense G$ 
subset of 971. Ln particular, there exists at least one leaf without germinal holonomy. □ 

4. Matchbox manifolds and equicontinuity 

Let 97t be a matchbox manifold. Then the local transverse models for T are totally disconnected, 
and the leaves of T are defined to be the path components for the induced fine topology on 971. 
These remarks are the basis for several elementary but important observations. 

LEMMA 4.1. Every continuous map 7: [0, 1] — > 971 is a leafwise path. 

Proof. Let a < c < b and choose a local chart 99,: Ui —> (—1, 1)" x X; with 7(c) £ Ui- The image 
path 7Tj(7(t)) £ Ti must be constant for t near to c, as Xj is assumed to be totally disconnected. 
Thus, by standard arguments, j(t) lies in the leaf L x of T containing the initial point x = 7(a). □ 

COROLLARY 4.2. Let X be a path connected topological space, and h: X — > 971 a continuous 
map. Then there exists a leaf Lh C 97t for which h(X) C L%. 

Proof. Let x £ X and Lh be the leaf of T containing h(x). Then apply Lemma \4. II □ 

COROLLARY 4.3. Let 97t and 971' be matchbox manifolds, and h: 97t' — > 97t a continuous map. 
Then h maps the leaves of J- 1 to leaves of T . 

Proof. The leaves of T' are path-connected, so their images under h are contained in leaves of J-. □ 
COROLLARY 4.4. A homeomorphism h: 971 — > 97t of a matchbox manifold is a foliated map. □ 

Let 7^(971) denote the group of homeomorphisms of 971, and %(97t, F) the subgroup of %(97t) consist- 
ing of homeomorphisms which preserve the foliation J 7 ; that is, every leaf of T is mapped to some 
leaf of T. Then Corollary SU states that H(Wt) = H(Wl, T). 

4.1. Equicontinuous pseudogroups. The following is one of the main concepts used in this work. 

DEFINITION 4.5. The holonomy pseudogroup Qjr of J- is equicontinuous if for all e > 0, there 
exists 5 > such that for all g £ Q*jr, if w,w' £ D(g) and dx(w,w') < 5, then dx(g(w), g(w')) < e. 

We note that equicontinuity is a strong hypothesis on a pseudogroup. In particular, as noted by 
Plante [37l Theorem 3.1], Sacksteder proved: 

THEOREM 4.6 (Sacksteder |45j). If Qj= is an equicontinuous pseudogroup modeled on a compact 
Polish space X , then there exists a Borel probability measure /! on X which is Qjr -invariant. □ 
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We also introduce the notion of a distal pseudogroup. While not used directly in this work, we refer 
to this in discussing open questions in Section 1121 

DEFINITION 4.7. The holonomy pseudogroup Qjr of J- is distal if for all w,w' € T* ; if w ^ w' 
then there exists S WlW > > such that for all g € Qjr with w,w' € D(g), then dx(g(w) , g(w')) > 5 w>w i . 

Distal and equicontinuous pseudogroups are closely related [3j [20l EH EH E3] . 

We next prove the fundamental result, that the equicontinuity hypothesis on Qjr gives uniform 
control over the domains of arbitrary compositions of the generators of Qjr. 

PROPOSITION 4.8. Assume the holonomy pseudogroup Qjr of J- is equicontinuous. Then there 
exists S £ > such that for every leafwise path 7: [0,1] — > StJl, there is a corresponding admissible 
sequence T 1 = (jo, i\, . . . , i a ) so that Bx(wo,5j 4 ) C D(h% ), where x — 7(0) and wq — 7Tj (x) . 

Moreover, for all < £\ < ej there exists < <5i < 5y independent of the path 7, such that 
hx y (D x (w ,S 1 )) C Dx(w',ex) where w' = 7^(7(1)). 

Thus, Qjr is equicontinuous as a family of local group actions. 

Proof. Recall that ej > is defined by ©. Let 5y > be the modulus associated to e = ej by 
Definition 14.51 Note that 5^ < e J as Qjr contains the identity map for every open subset of 1* . 

Given 7 : [0, 1] — > DJl, let = so < s i < ■ • ■ < s a = 1 be a partition of the interval [0, 1] as in Section[3l 
so that for each < I < a, 7([s<» , s^+i]) C Djr(xe, ej) where xe = "f(se). Moreover, for the associated 
admissible sequence T 1 — (io,i\, . . . ,i a ), we have that for all < t < 1, B^yi(^(t), \(u) C Ui e . 

For each 1 < I < a', set X£ = j(si) and let wi — ni e (xi). Set Ti — (io, i\, . . . , it) with corresponding 
holonomy map hx,. Then hx e (wo) = wg. Let hi = hi t+lj i e so that hi o hx, — hx t+1 and ho = hx 1 . 

We use induction on i to show that Bx(wo,8lf) C D(hx^). First, note that 8y < ej implies 
Bx( w o-5y) C Bx(wo,elj). By the remarks following (fT3|) we have that Bx(wo,e^) C D(h ) — 
Z?(/ii 1 ). By the definition of we have that hx 1 (Bx(wo, S^)) C B%(wi, ej). Then Bx(w\, ej) C 
D(hx). Thus B x (wo,eZ) C D(h X2 ). 

Suppose that Bx(wo,^u) C D(hx e ). As before, we have that 

hx l (B x (wo,8Z)) C B x (w h eZ) C D(h t ) . 
Thus, Bx(w ,e£) C D(h Xe+1 ) and hx l+1 (Bx(w ,5%)) C B x (w e+ i, ej). 

This completes the induction. The last assertion on the existence of Si given t\ is just a restatement 
of equicontinuity for h Xn/ ■ □ 

Note that similar techniques can be used to prove the following, which implies that equicontinuity 
is a property of the foliation T of S3T, and does not depend on the particular covering chosen: 

PROPOSITION 4.9. Let 9JI be a foliated space, with a regular covering U such that Qjr is an 
equicontinuous pseudogroup. Then for any other choice of regular covering W of 2H, the resulting 
pseudogroup Q'jr will also be equicontinuous. □ 

We say that 9Jt is equicontinuous if for some regular covering of 9Jt, the groupoid Qjr is equicontinuous. 
4.2. Minimal foliations. 

DEFINITION 4.10. A foliated space DJl is minimal if each leaf L C 9Jt is dense. 
The following is an immediate consequence of the definitions: 

LEMMA 4.11. A foliated space DJl is minimal if and only if for some regular covering ofdJl, the 
holonomy pseudogroup Qjr of J" is minimal; that is, for all i»6T t , the Qjr orbit 0(w) of w is dense. 
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A standard argument shows that equicontinuity of the action of Qjr on X* implies that for each 
to G X* the closure 0{w) of its orbit is a minimal set. This argument applies also in the case of 
an equicontinuous foliation of a compact manifold M (see [1]), and implies that the ambient space 
M is a disjoint union of minimal sets. However, as seen from the case of Riemannian foliations, 
where the closures of the leaves in M can form a non-trivial fibration, this does not imply that the 
foliated manifold itself is minimal. Thus, the following result is, at first glance, very surprising: 
An equicontinuous action of the holonomy pseudogroup Qjr on the totally disconnected transverse 
space associated to matchbox manifolds is minimal. This has been previously shown in the context 
of flows on homogeneous matchbox manifolds in (TJ page 5], and for homogeneous R"-actions in 
[T51 page 275], and previously a version for equicontinuous group actions on compact Hausdorff 
spaces appears in J. Auslander 2]. The proof below is a technical generalization of these proofs, 
and extends the previous results to an equicontinuous action of holonomy pseudogroup Qj- of J 7 for 
a matchbox manifold. In fact, the result can be thought of as a partial generalization to foliated 
spaces of a well-known result of Sacksteder [45] for codimension-one foliations. 

THEOREM 4.12. IfVJl is an equicontinuous matchbox manifold, then 9Jt is minimal. 

Proof. The assumption that DJl is a continua implies that it is connected. Thus, if 9Jt is the disjoint 
union of open saturated subsets U, V , then one of them must be empty. As the ^-saturation of 
disjoint open subsets of X* are disjoint and open in 97t, this implies that a clopen subset W C X» 
which is (^-invariant must be all of X* . We show below that if there exists a C/jr-invariant open non- 
empty proper subset W C X* then X* contains a proper clopen subset, which contradicts that 971 is 
connected. Thus, if w G 'X* and its orbit closure 0(w) ^ X*, then the complement W = X* — 0(w) 
is an open, non-empty proper subset, which leads to a contradiction. Thus, the closure of every 
orbit of Qjr must be all of X* . 

Let W C S, be a (^-invariant open proper subset and w G VV. Let i a be an index such that 
w G %i a . The assumption X* that is totally disconnected implies that its topology has a basis of 
clopen subsets. Thus w has a neighborhood system consisting of sets which are both open and 
closed, hence compact. 

Let Wo C W l~l Xi Q be a clopen neighborhood of w. The C/jr-saturation of Wo is the set 

(21) O(W ) = |J {g(W n D(g)) | g G Q*j- , D(g) n W ^ 0} c X* . 

Since each map g: D(g) — > R(g) is a homeomorphism, and D(g) is open, the set 0(Wo) is open. 

We claim that 0{Wo) is closed. If not, then there exists u>* G 0{Wo) — 0(Wq) C X*. Choose 
{we € 0(Wo) I £ = 1,2, . . .} such that lim W£ = w*. For each I > 1, there exists an admissible 

t— >oo 

sequence TW and & € Wo CiD(h X (e)) C X; Q such that we = hxw (&)• As X* is the finite union of the 
compact sets {Xi | i = 1, . . . , u\, by passing to a subsequence, we can assume that there exists an 
index ip such that we G % for all £ > 1. Moreover, as Wo is compact, we can also assume without 
loss of generality, that lim & = G Wo- 

Let #J > be the constant of Proposition 14.81 As Wo is open, there exists < ei < such 
that Bx(£,*,2ei) C Wo- Let < Si < 5y be the constant of equicontinuity for the action of Q*jr 
corresponding to t\ which exists by Proposition 14.81 as well. 

Let "fe denote the leafwise path from ye = r,-- {we) to xg = Ti a determined by the reverse of the 
admissible sequence T™\ Thus, 7^(0) = yi and 7^(1) = xi. By Proposition 14. 8[ for each I > 1, the 
path 7^ defines an admissible sequence such that hj(.i){wt) = Bx{wi,5^) C D(hj(t)) and 
ftj(«(5i(^,i5i)) C B(^,ei). 

Choose £ sufficiently large so that £ > £ implies dx(^*,£,e) < £i and dx(w*,we) < S±. Then 
dx(w*,we) < Si implies G Bx(wt,6i), and dae^*,^) < ei implies B x {^e,ei) C Wo- 

Thus, hj(t)(Bx{we,Si)) C Wo, so hjw(w*) G Wo hence G O(Wo), contrary to its choice. 

Thus, 0(Wo) is a clopen subset of W, and is proper in X* as W is proper. □ 
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5. Homogeneous matchbox manifolds 

We next draw a connection between the homogeneity of a matchbox manifold and the dynamics of 
its associated foliation. To do so, we first recall a fundamental result of Effros [19] . presented in the 
spirit of [5j [51] . All topological spaces considered here are assumed to be separable and metrizable. 

5.1. Micro-transitive actions. Let G be a topological group with identity e. An action A of G 
on the space X is a continuous map A(g, x) — gx from G x X to X such that ex — x for all x G X, 
and f(gx) = (fg)x for all f,g G G and x G X. For U C G and x G X, let J7a; = {gx | g G £/}. An 
action of G on A is transitive if = X for all x G X. It is micro-transitive if for every x € X and 
every neighborhood U C G of e, f/x is a neighborhood of x. According to the theorem of Effros, 
if a completely metrizable group G acts transitively on a second category space X, then it acts 
micro-transitively on X. This result is a form of the "Open Mapping Principle" [51] . 

Now consider the homeomorphism group T-L(X) of a separable, locally compact, metric space X with 
the metric d-u on Hi^X) induced by the metric dx on X: 

du U,y) ■= sup{d x (/(x),y(x)) | x G X} + sup{d x (f^(x), g~ l {x)) \ x E X} . 

With this metric, H(X) is complete and acts continuously on X in the natural way: for h G H{X) 
and x E X, hx — h(x). Notice that X is homogeneous if and only if this action is transitive. Effros' 
Theorem applied to this action states that if it is transitive, then it is also micro-transitive. In the 
special case that X is compact, we obtain that for any given e > there is a corresponding 8 > so 
that if dx(x,y) < 5, there is a homeomorphism h: X — > X with d-u(h,idx) < e and h(x) = y. 

Let the homeomorphism group %(97t) have the metric d% induced from the metric d^. Then %(97t) 
is complete, so we can apply the theorem of Effros to obtain: 

COROLLARY 5.1 (Effros). Let 9JI be a homogeneous foliated space. Given e* > 0, there is a 
corresponding < 5* < e* so that for any x, y G 97t with dzm(x, y) < S* , there is a homeomorphism 
h : 97t — > 971 with d^{h, id<xn) < e* and h(x) = y. □ 

5.2. A key application. The papers [2 HI [50] give applications and examples of Effros Theorem 
related to the dynamics of flows. The fact that ^(971) = H(97l, F) by Corollary 14.41 is a key fact in 
these applications, and for the following application to foliated spaces. 

THEOREM 5.2. 7/971 is a homogeneous matchbox manifold, then 971 is equicontinuous. 

Proof. The idea of the proof is simple in principle, though somewhat technical to show precisely. 
Basically, given a point wel, and an element hi G Gjr with w G D{hx), let 7 be a path defining 
the admissible sequence X. Then for a point 7/ G D(hi), the value of hx(rj) is defined by a path 7^ 
starting at 77 and shadowing the path 7. Using Corollary 15. 1[ for e > given, and 7/ sufficiently close 
to w, we can find such a path 7^ = 7'' starting at r\ which is a conjugate of 7 by a homeomorphism 
h of 971 which is e close to 7. It follows that the endpoint of 7^ is within e of hx(w), hence the action 
is equicontinuous. We give the details below. 

Fix a regular cover of 971, and let Qjr be the associated groupoid, with notations as above. 

Let e > be given. Recall that k as defined by ([TBI) satisfies lim r ^o K ( r ) — 0, so there exists ro > 
so that for all < r < ro we have re(r) < e. Choose < e' < e so that k(c') < e. 

Set e* = min{p 7r (e'), eu/4}, where is the uniform modulus of continuity function for the projec- 
tions TTi introduced in Lemma 12.81 

Let S* be determined by e* as in Corollary 15. 11 and also assume that 6* < e* . Let 6 = p T (S*), where 
p T is the uniform modulus of continuity function for the sections Ti introduced in Lemma 12.91 

Let g G Q*jr be defined by an admissible sequence X = (iq, . . . , i a ). That is, g = hx\U for some 
open U C D(hx). We show that for w,£ G D(hx) with dx(w,£) < 5, then dx(u>',£') < e where 
w' = h x (w) and £ = 
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Let x = Ti {w) and y = t, (£), then x, y € Ui and dyn(x,y) < S* < ejj/2 by the definition of p T in 
Lemma [531 Then set x' — r ia (w') and y' — r ia (£') so that x' , y' € Ui a . 

Let 7^ : [0,1] — > 9JI be a leafwise piecewise geodesic path from cc to x' determined by the plaque 
chain Vx(x), as in Section[3J Let = Sq < Si < • • • < sp = 1 be a partition, and J" = (jo, ■ • ■ , jp) 
an admissible sequence covering 7^ so that by equation (|T5|) . 

(22) B OT ( 7 f (t), e w /2) C for all s t < t < s l+1 . 

Proposition [3Tl] implies that hi\U = hi at jp °hj ohj 0t i \U where U = D(hx)r\D(hi a: j„ o hj o hj 0l i ). 
For s — 0, by ([22]) we have that x, y £ Uj a , hence x,y £ Ui H C/j . Also, a;' £ C/^ by construction. 
Let rj = n jo (y) = h joi i {£) and w" = tt^(x') = h j/3 , ia (w'). 

The essence of the proof of Theorem 15.21 is the following. 

LEMMA 5.3. Letrj € D(hj). Set rj' = hj{rf), then d x (w" ,77') < e' . 

Proof. As d$)i(x, y) < 5* , by Corollarv l5.1l there exists h £ H(9H) with h(x) = y and du{h, idyn) < e*. 

By Corollary 14. 4[ the composition 7j(i) — ho 7f (i) is a leafwise path from y = h{x) to z = h(x'), 
which satisfies 

(23) d m (j'i(t)), lx (t)) < e* < e w /4 , for all < t < 1 . 

The conditions d m (h(^ (t)), 7f(t)) < e w /4 for all < t < 1, and B m (^(t),e u /2) C 0} £ for each 
si < t < S£ + i, imply that 7j([s£, s^+i]) C for all < i < 1. Thus, 77 £ D(hj) and the trace of 
7j(/j) is contained in the plaque chain Vj(y). 

Set z = 7j(l) = /i(a;'), and note that i]' = itj p (z). Then by (1231) we have that ^(x', z) < e* < p Tr (e'), 
so by the definition of p^ we have dx(w",n') — dx{^j l3 {x'),Trj l3 (z)) < e . This completes the proof 
of the Lemma. □ 



By Lemma 15.31 and Proposition 13. II we have that 

£' = hx(£) = h iatj0 oh jo h jo , io (0 = h iad0 o hj(r}) = h icttj? (r]') . 
Since w' — hi ai j^(w") by the definition of n and e', we have that 

dx(w',^') < K(d x (w",n')) < fe(e') < e . 
This completes the proof of Theorem 15.21 □ 



We make another observation about the dynamics of homogeneous foliated spaces, which imposes 
further restrictions on which matchbox manifolds can be homogeneous. 

LEMMA 5.4. IftyJl is a homogeneous foliated space, then J- is without holonomy. 



Proof. By Theorem 13.91 the set of leaves without holonomy is a dense G$ , hence there exists at least 
one leaf L x without holonomy. Given any other leaf L' of J 7 , choose basepoints x £ L x and y £ L' . 
As 9H is homogeneous, there exists a homeomorphism h of 971 such that h{x) = y, and h is a foliated 
map by Corollary 14.41 Then the restriction h: L — >• L' is a homeomorphism, hence L' also is without 
holonomy. □ 



6. Transverse holonomy and orbit coding 



Let 3Jt be an equicontinuous matchbox manifold. In this section, we show that the orbits of the 
equicontinuous pseudogroup associated to F admit finite codings, which is the basis for the proof 
of Theorem 11.41 The techniques are inspired by the paper of Thomas which showed a similar 
result for equicontinuous actions of group Z on a Cantor set. For matchbox manifolds with dimension 
n > 2, this requires extending the basic ideas from group actions to pseudogroup actions. 
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Fix a regular covering U — {(fi : Ui — > [— 1, 1]" x Ti | 1 < i < v} and pseudogroup as in Section[3] 
Let <5j > be the constant of Proposition 14.81 such that for every leafwise path 7: [0, 1] — > 3JI, we 
have Bx(wq, S^) C D(hj) for the holonomy map h y £ Q*-p where wo £ Ti corresponds to 7(0). 

Theorem 14.121 implies that for any open subset W C T* the ^-saturation 0(W), as defined in (|2"Tj) , 
is all of T* . We study the dynamics of Qj- restricted to sufficiently small clopen subsets of X* . 

6.1. Holonomy groupoids. Fix a coordinate transversal, say Ti, and a basepoint wo £ int(Ti). 

Choose VF C Bx(wo,5fi /A) C Ti such that W is clopen and wq £ int(W) = W. The leaf L Wo of 
J 7 through wo is dense in 9Jt, so by the minimality of J-, the union of all images of W under the 
holonomy along L wo is all of 1* . The goal is to choose a sequence of clopen subsets 

(24) woG'-C^C V 1 - 1 C • • • V 1 C V° C W 

all which contain wq , and such that the Q*-p orbits of each V has a "finite order periodic coding" . 

Let TZjr c I, x I, denote the equivalence relation on X* induced by J-, where (w,w') £ TZjr if and 
only if w, w' correspond to points on the same leaf of T. 

Let (w, w') £ llj?, and 7 = -f x . X ' : [0, 1] — > SOT denote a path from x = Ti x (w) to x' = Tj , (w'). Recall 
from Definition 13.31 that [h 7 ] w denotes its germinal class, which by Lemma 15751 depends only on the 
endpoint-fixed homotopy class of 7. The holonomy groupoid r^r of T is the collection of all such 
germs, and the source and range maps from Definition 13.31 define a groupoid map s x r: Tjr — >• TZjr. 

Given an element g £ Tjr with s(g) = w and r(g) = w', there exists a path 7 = 7^ x i : [0, 1] — > 9JI 
from x — T ijs (w) to x' — , (w'), where w £ W, so that 5 = [h 7 ,] w . Note that by Proposition 14.81 
there is a plaque chain covering 7 such that W C D(h 7 , ) for the associated holonomy map h 7 , . 
As the constant 6y > is independent of the choice of the path 7, given g £ Tjr we abuse notation, 
and let 7 denote the holonomy map h- , whose germ is g and satisfies this domain condition. Then 
given such 7 and any u £ W, let j u denote the germ of 7 at u. Thus, j w = g for example. 

We have previously introduced in (|20[) the germinal holonomy subgroups Tjr w e(sx r) _1 (w, w) for 
in e 'I,. Also, consider the following subsets of Tjr: 

T w = { lu eTr\u£W} 

C = ilu £ T T I u £ W , r( 7 „) e W} 

= {7n G I> I « = «) , r( 7 «) G VK} 

Note that r}y is a subgroupoid of r^r, with object space W. For each wq £ W, let *„, denote the 
constant path at wo, and by abuse of notation, also let * Wa £ T^ o denote the germ of the identity 
map at wq. The composition rule for Tjr is defined by the concatenation of paths. In the case where 
Gjr is equicontinuous, a stronger form of composition holds. 

LEMMA 6.1. There is a well-defined composition law, *: x rJK — > Tyy- 

Proof. Let j w , 7^ £ Tw with w,u £ W. Then w' = r{"f w ) £ W, so w' £ Domfa'), hence w" = 7' (10') 
is well-defined. Then define 

(25) 7™ * 74 = [7' o 7]^ so that r(7 ttJ * 7^) = w" ■ □ 

The composition law (|25[) has a natural intuitive definition in terms of the definition of the holonomy 
along paths, which yields a slightly stronger conclusion. The holonomy map 7' is defined as the 
holonomy along a leafwise path j' y , between y = t\(u) and y' — t\(u'). The action of 7' on the 
point w' is defined by a leafwise path 7^, between ^ = ti(w') and £' = ti(w") which "shadows" 
y i. Form the concatenation of the two paths, x" = f * lx,x' which is leafwise path between 
x = Ti(w) and x" = = t\(w"). Then the product j w * j' u is the germinal holonomy along the 
path 7" x „. We will use this geometric description of the composition law in later arguments. Note 
that by Proposition 14.81 there is a representative for hyi with W C D(hy). However, there is no 
assertion that hy(W) = W. 
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6.2. Coding functions. We use the equicontinuity of and that T* is totally disconnected to 
define the subsets V 1 C W in (|24[) , for which the holonomy action of T^ Q on V e has "uniform return 
times" . This procedure corresponds to the procedure in Thomas' work, in the case where J- is 
defined by a flow, where the section W is partitioned into sets with uniform return times. 

We begin the inductive construction of the clopen sets V C W for £ > 1. 

Let I = 1 and set ei = Choose a partition of W into disjoint clopen subsets, 

(26) Wi = {Wl,...,W^} , W = W\ U • • • U W} x , w €Wl 

where each W} has diameter (in X) less than ei. If ei > diam^VF), one can choose W\ = W and 
j3i = 1. However, in the later stages of the inductive construction, q — >• so ft — ► oo. Introduce 
the first code space Ci = {0, 1, . . . , /3i}. 

Let rji — min {dx(W,%* — W), dx(W i , Wj ) | i 7^ j } > 0, which is positive as W is clopen in X. 
Let 5i > be a constant of equicontinuity for C7.F corresponding to r\\. 



Next, introduce the coding function corresponding to the partition W\. 

DEFINITION 6.2. For w E W, the C^-code of u E W is the function „ : -> d <fe/med as, 

i £/ 7(u) e Wl 
z/ 7 (u) e X* - W. 



The function u encodes the terminal point for the path starting at u, and shadowing the path 7 
from w to w' = r( 7ro ) 6 0(w). In particular, C^, u ( 7 ) = corresponds to those points u E W such 
that j(u) £ W. Thus, if W is invariant under Q* T then the code value C4„( 7 ) = never occurs. 

LEMMA 6.3. Let w,uEW and 7' £ r|f . Se< u>' = r( 7 ') and suppose that u' = j'(u) E W, then 
(27) ClAl) = ClJl * 7') for all 76^. 



Proof. The function C^,, u , codes for a path y u /, U " starting at u' and shadowing the path 7 = 7, 
from w' to w" = r(-f) E 0(w') — 0(w). Pre-compose the path y w i w n with 7', to obtain paths 

lw,w" — lw',w" * 7u>,u>' fc 1 w ' 7«, u " — 7«',u" * 7m, u ' fc 1 u 
where the latter shadows the former. We then have 7(1*') =70 y'(u), from which (|2"T)) follows. □ 

LEMMA 6.4. Z/u,v £ W with d x (u,v) < 5i then Ci )U ( 7 ) = 6^(7) for all 7 6 T^. Hence, the 
function defined by C^,(u) — @w u * s locally constant, and so V 1 is open. 

Proof. Let 7 £ r|^, and suppose that u,v E W with g?£(u,i>) < 61. Set u' = 7(14) and v' = j(v). 
By the equicontinuity of Qjr, dx(u,v) < 5% implies dx(u',v') < rji. Assume that u' — j(u) E Wl 
then dx(u',v') < dx (W, T* - W) implies v' E W. Moreover, d x (u',v') < dx{W},Wj) for all j ^ i 
implies that v' E W, 1 . Thus, 6^(7) = ^^(7). □ 

We now begin the construction of the coding partitions. For the first stage, 1=1, set: 
(28) V 1 = {uEW\C 1 W0 ^(j) = C^ W0 ( 7 ) fox ally ET^} 

= {~\{h- 1 (Wl)\ 1 ETW, 1 {w»)EWl}cWl. 
Note that wo EV 1 , so that V 1 is non-empty, and it is open by Lemma HOI 

For 7 E rj^ we have 7(1^0) E W by definition of T^, and the function u 1— > C^ u (j) is constant on 
V 1 , hence 7(V rl ) C W. Moreover, the image jiV 1 ) C W is open for each 7 E T^. 



LEMMA 6.5. Let 7 £ and set V 1 = 7(V rl ). //F 1 R 7^ 0, tten F 1 = VI 1 . 
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Proof. By assumption, there exists u' = j(u) £ V 1 n for some u G V 1 . We first show that all 
points v' £ V^ 1 have the same code function as v! £ V 1 , so that v' £ V 1 , hence C F 1 . 

Let w' = j(w ) G W}. 

Given v' G VI 1 there exists v £ V 1 with 1/ = 7(f). Then wq, u, v £ V 1 implies by (|28l) we have that 
C i , u {l) = c i ,v{l) = C i Q ,w {i) so that v ' and u ' lic in the same partition W} . 
For 7' £ T^ o we claim that v , (7') = C^ o u , (7')- Let 7' be a path starting at w' shadowing 7'. 
Define 7" = 7' * 7 G Tjf o . Then by Lemma EH we have 

(29) C^M) = Cl,Al') = Ci ,,(7'*7) = Ci 0>u (7' * 7) = C^Cf) - 6^,(7') 

where we also use that the holonomy along the path 7 starting at wq and the path 7 starting at w' 

agree by Lemma [3^41 Thus, V^ 1 C V 1 . 

The reverse inclusion F 1 C follows by the same arguments applied to 7 _1 . □ 
LEMMA 6.6. Let 1 ,a£T^, and = jiV 1 ) , = aiV 1 ). If d x (V^,V^) < S lf then Vj = V* . 

Proof. By assumption, there exists £, ( £ V 1 such that £' = 7(£) G and £' = c(C) G such 
that cfe(£', C') < Si. In particular, if f G then also C' G W/. 

Set to' = 7(100), then by LemmaEH for all 7' G T™ Q we have ^,(7') = C^ f; (y). 

Set £" = a- 1 ^') = ( r- 1 o 7 (0. Then for all 7" G T™ we have £^,,(7") = Ci 0iC ( 7 ")- As ( G 
this implies £" G V 1 and thus F 1 n o~ x o 7 (F 1 ) ^ 0. By Lemma [631 this implies V 1 = ct -1 o 7 (V 1 ) 
hence V^ 1 = V^ 1 as was to be shown. □ 

To complete the construction for the first stage, note that V 1 is an open set, hence the minimality 
of T implies that for each £ G W, we have 0(£) n V 1 ^ 0, hence there exists a £ Tj^ with 
C = cr(f) G V 1 . So for 7 = cr" 1 we have £ G Vy. Thus, the set {^{V 1 ) | 7 G r^ o } of all re- 
translates of V 1 is an open cover of the clopen set W. As W is compact, the cover admits a finite 
subcover Vi = {Vf, . . . , F^}. 

Moreover, T^ 1 n V^ 1 = for i ^ j by Lemma [5~6l As Vi is a finite covering of the compact set W by 
disjoint open sets, each of the sets is also closed, hence is clopen. 

For each 1 < i < n% choose 7* G T^ g so that — jKV 1 ). Without loss of generality, we can 
assume that 7J = * W(I is the constant path, so that Vj 1 = V 1 . Set wj = jI(wq). 

Note that by definition of the coding function used to define V 1 , we have V± C Wj where j = 
Cw ,w {ll)- I n particular, diam^l^ 1 ) < diam^(T / F ; 1 ) < t\ by construction. 

Thus, the collection Vi is a finite partition of W by clopen subsets of diameter less that e-y, which 
refines the initial partition Wi. This concludes the construction for the initial inductive step I — 1. 

Now consider the general inductive step, for I > 1. Assume that for each 1 < A < t there is given: 

• a constant e\ with < e\ < e\-i/2, 

• a clopen set V x with w £V X £ V x ~ l , 

• a collection { 7l \ . . . ,j x J C r^ o with 7l A = * Wo , 

such that Va = {V^ = Ji(V x ) \ 1 < i < n\} is a finite partition of W by disjoint clopen sets with 
V x = V x , and the diameter of each V x is less than eA- Moreover, we assume that the holonomy 
maps {7^ I 1 < i < ?ia} are such that the collection Va = {V x \ 1 < j < a\} is a partition of the 
clopen set V x into disjoint clopen sets. Furthermore, the covering Va is assumed to be given by the 
union of the translates of the partition by the maps {7^ 1 | 1 < j < « a-i}- That is, the covering 
Va is a refinement of the covering Vx-i obtained by partitioning V A_1 into the clopen subsets of V^ 
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and then translating them to obtain the covering Va of W . It follows that n\ — a\ ■ nA-i for some 
integer a\ > 1. 

We begin the construction of the next partition Vg — {Vf = jf(V l ) | 1 < i < ng}, given the above 
data. First, set 

(30) q = imin{diam s (F/- 1 ) | 1 < i < n t -i} < e Xe _j2 . 
Let e'g > be a constant of equicontinuity for Qjr corresponding to eg. 

Next, choose a partition of V 1 ^ 1 into disjoint clopen subsets, Wg — |wf, . . . , j where u> 6 W{ 

and each Wf has diameter less than t\. As in the case 1=1, this partition of V 1-1 need not be 
"compatible" with the dynamics of Qjr. The partition will be "pruned" using the coding map, as in 
the case I = 1, to obtain a partition that is "compatible" with the dynamics of Qj-. 

Extend the partition W| of V^ 1 to all of W, setting Wg = W} U • • • U W™*" 1 where Wj = 
{lt\ w e) I 1 ^ 3 ^ a '(] is itself a partition of Vf' 1 = 7f~ 1 (V^~ :L ) into clopen sets. 

Note that by the choice of e' e each set V i _1 has diameter at most q. Dehne 

(31) W l k = ^(Wf) where k = j + (i - 1) • a' e , 1 < j < a' e , 1 < i < nt-t . 

That is, we relabel the collection Wg using a lexicographical ordering. Set f3g — a'^- ng_i, and dehne 
the code space Ci = {1, . . . , /3^}. 

The corresponding coding function is defined as before: 

DEFINITION 6.7. For wEW, the C l w -code ofueW is the function C l w u : -> Cg defined as: 
for 7 G set 6*^(7) = fc j/ 7 (u) G W£. T7ien define 

(32) V* = {u € c V"- 1 I C^ 0i „( 7 ) = Ct, )W0 (7) for all 7 G . 
Note that j(V e ) C W for all 7 G T™. 

Let 77f = min {dx(Wj:, W[,) | 1 < k ^ fc' < ^ } > 0. Let <5^ > be a constant of equicontinuity for 
Qjr corresponding to r/g. Then the following results are proved exactly as for the case £ = 1. 

LEMMA 6.8. If u,v G W with d x (u,v) < 6 e then 6^(7) = C^( 7 ) for all 7 G rjf . Hence, the 
function C g w defined by (u) = u is locally constant, and so V is open. 

LEMMA 6.9. Let 7 G T^ o and set V* = -y(V £ ). IfV 1 n V* ^ 0, then V e = V*. 

LEMMA 6.10. Let 7, a G T™, and V* = l{V l ), V% = a(V e ). Ifd x (V*,V*) < S e , then V* = V*. 

The completion of the £-th stage of the induction proceeds as for £ — 1. Note that V e is an open 
set, hence the minimality of T implies that for each £ G W, we have 0(£) HV l ^$, hence there 
exists a G with £' = a(£) G V e . So for 7 = cr" 1 we have £ G V^. 

Thus, the set {7(1^) 7 G T^} of all T^ -translates of V 1 is an open cover of the clopen set W. 
As W is compact, the cover admits a finite subcover Vg = {V(,. . . , V£ e }. 

Moreover, Vf D Vj = for i ^ j by Lemma 1531 As Vg is a finite covering of the compact set W by 
disjoint open sets, each of the sets Vf is also closed, hence is clopen. 

From the definition of V £ and the coding function C£, u we have V C Wf . Moreover, if V £ = 
~/(V e ) n V 1 - 1 ^ 0, then C V"^ 1 by Lemma HH following that of Lemma iH Thus, the 
collection 

V? = {v?| 7 er£, ^nv*- 1 ^} 

is a partition of V^ £_1 by clopen sets. Hence there is a finite collection {7^ , . . . , t~ } c r^ o so that 
for Vj — V*. — 7j(V^) we have V| = {ly | 1 < j < ag } is a partition of V 1 ^ 1 by disjoint sets. As 
before, we can assume that = * Wo so that V( = V . 
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Recall that Wg = | Wf , . . . , j is the chosen partition of V 1 1 into disjoint clopen subsets, so by 

the definition of V 1 , we have jj(V e ) C W% where 1 < k = Cl ](j Wo {"f^) < a' e . Thus, Vg is a refinement 
of the partition Wg of V . In particular, note that ag > a' e . 

Finally, extend the partition V} of V* -1 to all of W, setting Vi = Vj U • • • U V™*" 1 where V| = 
{7f _1 (V^) | 1 < j < ag} is a partition of V}_ x = 7i~ 1 (V^~ 1 ) into clopen sets. Note that by the 
choice of each set 7f _1 (V^) has diameter at most eg. 

Set = ag ■ ng-i, and for 1 < k < ng relabel the collection Vg using a lexicographical ordering, 
Vfc = it 1 ^) where fc = J + (i - 1) • o< , 1 < j < a* , 1 < z < . 

Thus, the collection Vg is a finite partition of W by clopen subsets of diameter less that eg, which 
refines the initial partition Wg. Set wf = jf (wq). 

This concludes the general inductive step of the construction of the partitions Vg = { V£ | 1 < k < ng} . 

7. Equicontinuity and Thomas tubes 

Let 971 be an equicontinuous matchbox manifold. In this section, we show how the partitions Vg of 
the transversal space X, for £ > 1, introduced in Section give rise to a "presentation" of 9Jt by 
what we call the Thomas tubes. In Section [SJ we derive the solenoidal structure of 971 from this data. 

Suppose that the equicontinuous matchbox manifold *7Jl is a Cantor bundle, tto : 9Jt — > Mq, as 
discussed in Section [TJ That is, we assume there exists a compact manifold Mo, finitely presented 
group r = 7Ti (Mo, bo), Cantor set = 7r ~ 1 (6), and a minimal, equicontinuous action (/>: Tx^t -> 5t 
so that *7JT is homeomorphic to the suspension of the action ip. Consider V £ C $b — and introduce 
the subgroup 

Tg = {-/eT\ ^)(V e ) = V 1 } . 

Then the "Thomas tube" associated to V e is homeomorphic to the suspension of the action of Vg 
on V e , which is a Cantor bundle over the covering space Mg — > Mq associated to Tg CT. 

The complication which arises for the more general case is that one requires a "foliated product 
theorem" in place of the suspension construction, as the leaves of F are not given as covering spaces 
of a given fixed base manifold M . We introduce the notion of foliated microbundles in the context 
of matchbox manifolds to obtain such a product theorem. 

7.1. Foliated microbundles. The "foliated microbundle" associated to a leaf in a foliated space 
is one of the most basic concepts, originating with the first works of Reeb (see Milnor 32J for a 
discussion). Its construction is a generalization of that for the holonomy map hx„ associated to a 
leafwise curve 7, as in Section [3.2i in that it follows essentially the same procedure, but uniformly 
for all paths in a given leaf. We give this construction for foliated spaces; then for the case where 
L x is dense and J 7 is equicontinuous, it provides a framework for analyzing the structure of 9H. 

Recall that wq £ int{%\) is the fixed base-point of Section [S] Let xo — ti(w ) e Ui and L be the 
leaf through xq- Let hjr Xo : tti(Lq,xq) —> Q^r° denote the holonomy homomorphism of Lq, whose 
kernel /Co C tti(L Xo , xq) of hjr XQ is a normal subgroup. Let II: Lq — > Lq be the covering associated 
to /Co an( i choose Xq S Lq such that 7r(a;o) = Xq. By definition, given any closed path 7: [0, 1] — > Lq 
with basepoint xq = 7(0) = 7(1), the image of 7 in Lq has trivial germinal holonomy as a leafwise 
path in 931. It follows that the holonomy map defined by a path 7 in Lq starting at xq is determined 
by the endpoint 7(1). 

The construction of the foliated microbundle associated to Lq begins with the selection of a collection 
of points in Lq which are "sufficiently dense in L " to capture the holonomy of Lq. This is assured 
by choosing a suitably fine net in Lq and then lifting this to a net in Lq. 
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DEFINITION 7.1. Let (X, dx) be a complete separable metric space. Given < ei < ei, a subset 
Af C X is an (ei,e2)-net (or Delone set J if: 

(1) Af is e\- separated: for all y ^ z G TV, ei < dx{y, z); 

(2) Af is e^-dense: for all x G X , there exists some z G Af such that dx{x, z) < e 2 . 

It is a standard fact that given a separable, complete metric space X and any e 2 > 0, there exists 
< ei < e 2 and a (ei, e2)-net Af C X. 

Recall that e-J defined by was chosen so that every leafwise disk of radius is contained in a 
metric ball of DJl of radius e^/2. That is, for all y G St, Djr{y, ej) C D<xn(y, ew/2). 

Let e 2 = eJ/4, then choose Afo C Lo an ( e i ; e 2 )-nct for L for some < ei < ejJ/4. We can assume 
without loss of generality that Xq G A/q- Condition (17.11 2) implies that the collection of leafwise 
open disks {Bjr(z, ejJ/2) | z G A/"o} is a covering of Lq. 

For each z G Afo, choose an index 1 < i z < v so that B<xn(z, en) C f/,^ . Without loss, we can assume 
that B<xk{xq,£u) G U\. Then note that for all z' G Djr(z,e^), we have z' G £?gjt(z, e^/2) so the 
triangle inequality implies that 

(33) Df(z', e£) C B$]n(z' , eu/2) C 5 OT (z, e w ) C . 

LEMMA 7.2. The collection {Ui z \ z G Afo} is a subcover for 9JI, with Lebesgue number e^/3. 



Proof. Let y G DJl, then L is dense so there exists y' G Lo with dmx(y,y') < ew/6. Let z G A/o 
with djr(y',z) < Then y' G B^(z,e u /2), hence y G B m (z,e u ) C C/^ by ([33]). Therefore, 

B m (y,e u /3) cU is! . □ 



Let A/"o = II 1 (A/"o) which is a (ei,e2)-net for Lq with the Riemannian metric lifted from Lq. The 
points of Afo are denoted by z, where II (z) = z G Afo- In particular, xo G Wo as H(xq) = xo G A/o. 

For each z G A/o, let 2 = 11(2) and set = f7, s x {z}. For (x,z) G t/j define LT: Uz — > {/»., by 
II(a;, z) = For z ^ z ' G A/"o with 11(2) = n(z') = z, the sets L% and C/j? are disjoint by definition, 
though their projections to 2H agree. 

For z G Afo and y = (a;, z) G t/*, let Pz(y) = Vi z (x) x {z} denote the plaque of 1% containing y. If 
x G Vi z (z) then we abuse notation and identify Vz(y) with the plaque of Lo containing z. Note that 
B^ (z, ej) C P?(z) for each z G A/o, so the collection {Pz{z) \ z G A/"o} is a covering of L . 

One thinks of the plaques V^fz) as "convex tiles", and the collection {Pz(z) \ z G Afo} as a "tiling" 
of I/o- The interiors of the plaques need not be disjoint, so this is not a proper tiling in the usual 
sense (for example see [HI H31 EE] , or [TJ1 §11.3.C]). In particular, the combinatorics of the covering 
of L by plaques is not a consequence of the geometry of the "tiles", but rather is determined by 
the dynamical properties of the leaf L . (See [TJUS] for a discussion of this point of view.) The net 
Afo can also be used to generate Voronoi decompositions of Lq, as in the work [T7] , 

The foliated microbundle of Lo is the foliated space *Jto = |u~ eJ y- o Z7z| / ~ , where y G L% and 

y' G Uz' are identified if II(y) = Il(y') and Vz(z) fl Vz'[z') ^ 0- Let J- denote the foliation whose 
leaves are the path components of DTo- 

For each z G Mo, let 1y = The composition </% = ip iz o II: [/^ -> [-1, If x defines a foliated 
coordinate chart on 9To for T . Let 7?^: C% — > be the normal coordinate, and Ay : L% — > [—1,1]™ 
be the leafwise coordinate. 

Given z G A/o, subset y C Iz and ^ G [—1, 1]™, we obtain a local section for T by 
(34) 7sr, e : V -> ^ , = ^r 1 ^^) = (^(M.*) 
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The foliated microbundle can be viewed as constructing, a uniform setting, all of the holonomy maps 
for paths in the leaf Lq. To be precise, we say that a path 7: [0, 1] — > Lq is nice, if there exists a 
partition a — s < si < ■ ■ ■ < s a — b such that for each < £ < a, the restriction 7: [s£, s^+i] — > Lq 
is a geodesic segment between points zt> = t"(s^),2^+i = 7(s^+i) € Nq with djr(z£, zt+\) < ej. Then 
1 = (ij- , . . . , i^J is an admissible sequence for 6oi/i J 7 and J 7 , and so defines holonomy maps hx for 
J 7 and hx for J 7 . Clearly, hx is just the lift of hx, and /ii is the holonomy map for the leafwise path 
7 = II o 7 constructed in Section [3] As before, we note that hx depends only on the endpoints of 
X. For z G No let h% denote the holonomy along some nice path 7^ from xq to z, considered as a 
transformation of the space T, which is the disjoint union of the local transversals Tj-. Let h% denote 
the holonomy along the projected path, 75- = II o 7-. 

Recall that W C Bx(wq, 5^/2) C 1i is the clopen neighborhood of wq chosen in Section [6] 
LEMMA 7.3. Let 7: [0, 1] L be a nice path with 7(0) = x . Then W C D(hx). 

Proof. This follows directly from Proposition |L8] and the definition of 5y . □ 

7.2. Thomas tubes. For each £ > 1, let V e C W be the clopen subset defined by ([32]). For z e Mo 
define 

(35) yi = c t % , v§ = hgty 1 ) - vl x{i}ci ? . 

The union of the sets V~ is just the saturation of V under the action of the pseudogroup Gf- 

Lemma \6 . 91 implies that if V- fl V~, 7^ 0, then V~ = V~, although this need not imply that z = z' if 
-Lo has non-trivial germinal holonomy. The sets V~ and V~, are disjoint if z ^ z'. 

Also, introduce the local coordinate chart saturation of each of these sets: 

(36) 4 = tt- 1 ^) c , 5| = ^r 1 ^) = 4 x {21 c C/ ? . 
Then il| is the union of the plaques in Ui- through the points of V~. 

DEFINITION 7.4. The Thomas tube associated with V 1 is the subset of the microbundle < 3Xq ) 

(37) m e = |J itf 

In the case that I — £q note that = 9To. For all £ > £0, the image 11(91^) C dJl is the saturation 
by T of the clopen set V , hence 14(9!^ ) = DJt. 

Note that Vl? is a (non-compact) foliated space whose leaves L are coverings of corresponding leaves 
of T . That is, the restriction II: L — > L is a smooth covering map, which is a local isometry for the 
induced leafwise metric on Ot^. Also, the leaf space for 9t£ is homeomorphic to V by construction, 
and for £' > £ the inclusion V e C V e induces a natural inclusion 9V C Wig. 

8. SOLENOIDAL STRUCTURE FOR EQUICONTINUOUS FOLIATIONS 

In this section, we show that if 9Jt is an equicontinuous matchbox manifold, then it has a presentation 
as an inverse limit, and thus is homeomorphic to a generalized solenoid as in ([T]). 

The strategy of the proof begins with an observation, that if we assume that 9Jt is homeomorphic to 
a solenoid S, then the bonding maps pi+i : M^ + i — > Mg induce, for each £ > 0, a map qi : 3JI — > Mi 
which is a fibration [31]. For each x & Mg the fiber Kg(x) = q^ l {x) is an embedded Cantor set in 
9Jt, and the fibration structure implies that the family of Cantor sets {Kg(x) | x G Mi} form what 
we call a Cantor foliation transverse to J 7 . Moreover, the property qi = pi+i o qi+\ of a solenoid 
imply that the Cantor foliations associated to qi and qe+i arc naturally related. We show that given 
these consequences, then 9Jt is homeomorphic to a solenoid. 
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We begin with a definition. Recall that we assume there is a fixed regular covering {Ui | 1 < i < v\ 
of SUt by foliation charts, as in Definition 12.61 with charts <fi : Ui — > [—1, 1]" x 3^ where C 1 is a 
clopen subset. By construction, each chart admits a foliated extension : Ui — > (—2, 2)™ x %{ where 
Ui C Ui C X is an open neighborhood of Ui and <f>i\Ui = ifi. 

DEFINITION 8.1. Let SOt be a matchbox manifold. We say that SOt admits a Cantor foliation H 
transverse to T if there exists an equivalence relation ~ on SOt such that: 

(1) for x £ SOt the class H x = {y £ SOt \ y w x} is a Cantor set; 

(2) for each x £ Ui with w = ni(x) £ Ti there exists a clopen neighborhood w £ V x C Ti 
and a homeomorphism <fr x : [—1,1]™ x V x — > Ui such that, for each £ £ [— 1,1]™, the image 
^x({£,} x V x ) CUi is a complete equivalence class. 

The leaves of the "foliation" H are defined to be the equivalence classes o/«. 

We call V x the model space for H at x. For a standard foliation, the space V x would be homeomorphic 
to (—1,1)™, while for a Cantor foliation, it is a homeomorphic to a Cantor set. 

Condition 18. Il l implies the leaves of H are Cantor sets, and Condition 18. 11 2 states that these leaves 
are "vertical" segments for a regular coordinate chart, after reparametrization by the maps $> x . 
In other words, every point x £ SOt admits what is sometimes called in the foliation literature, a 
"bi-foliated neighborhood" , where the leaves of J- correspond to the "horizontal" Euclidean slices of 
[—1, 1]™ x V x , and the leaves of H correspond to the "vertical" Cantor set slices. 

For example, if 7r: £01 — > M is a Cantor bundle over a compact manifold M, then the fibers of tt 
define a Cantor foliation of SOt which is transverse to the foliation T of SOt. As a Cantor bundle need 
not be a solenoid, the existence of the transverse foliation H is clearly not sufficient to show that 
SOt is homeomorphic to a solenoid. What is required, in addition, is that there exists a sequence 
{He | £ > £q} of nested Cantor foliations, which in our situation is provided by constructing Cantor 
foliations adapted to the Thomas tubes of Definition 17.41 

For I > 1, let Vie be the Thomas tube with transversal model V e , with notation as in Section[7l Recall 
that the foliated space OT^ contains the holonomy covering Lq of the leaf Lq C 93t corresponding to 
wo- Also, for £' > I we have Vtt C Vie is a foliated subspace. 

DEFINITION 8.2. We say that a transverse Cantor foliation He on Tt is adapted to W.£ if, for 

each z £ A^o and x £ it| £ 971, we can choose V x — V~ in Definition \8.1\ 2. 

Note that if He is adapted to *Jtf, then for each foliated coordinate chart il~ for J 7 , the leaves of He 
form complete transversals to the image of the restriction II : H~ — > it~. It follows that He induces 
a transverse Cantor foliation He on Vte- Actually, this is evident from the definitions as well. 

Given such He, let ~e denote the equivalence relation on SOT defined by its leaves, and by a small 
abuse of notation, we also let denote the corresponding equivalence relation on 9T^. 

Observe that for t! > £, the restriction of ~e to the foliated subspace Vie* C 9tf defines an equivalence 
relation, which is denoted by s^/. The Cantor foliation He' of 9fy defined by is the lift of an 
adapted transverse Cantor foliation He' on 9Jt. The model sets V x for He' are given by the collection 
of translates {V~ \ z £ No}. 

If 7r : 93t -4 Mq is an equicontinuous Cantor bundle over a compact manifold Mo then the fibers of n 
define a Cantor foliation of 9J? which adapts to each Thomas tube 'Vie, for I > 1. For example, this 
is the case studied in in the work [T2] by the first author, for Mq = T™. In general, the existence of 
an adapted transverse Cantor foliation on DJl is not "obvious" , though in fact one can show: 

THEOREM 8.3 (17J). Let SOT be an equicontinuous matchbox manifold. Then for some £o > 1, 
there exists a transverse Cantor foliation He on SOI adapted to SH^. 
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The idea of the proof of this result is straightforward enough. For each foliated coordinate chart, 
XJ i or a subchart It- C Ui, there is a natural "vertical" foliation whose leaves are the images of the 
transversals r?.£. The problem is that on the overlap of two charts, these vertical foliations need not 
match up, as the requirement on a foliation chart for J- is that the horizontal plaques match up. 
The exception is when 971 is given with a fibration structure, then the coordinates can be chosen to 
be adapted to the fibration structure, and so the fibers of the bundle are compatible on overlaps. 

For the general case, the idea is then to subdivide the horizontal plaques into small enough regions, 
and restrict the diameters of the model set V x = V~ , so that the vertical leaves become sufficiently 
close on overlaps, so that they can be made compatible on overlaps. More precisely, one constructs a 
uniform triangulation of the leaves of T on 971 so that the triangles have sufficiently small diameter 
and in "general position" , so that they are stable in transverse directions, for small perturbations. 
Then, the vertical foliations are defined using barycentric coordinates based on each simplex in the 
triangulation. The functions § x introduced in Condition 18.11 2 are the adjustments to the vertical 
foliation needed to make the foliations match up. The requirement that the images of the maps 
4> x be allowed to take values in the open neighborhood Ui is due to the fact that on the boundary 
points of Ui, the leaves of the foliation % need not have constant horizontal coordinate Xi. 

A uniform triangulation of the leaves (satisfying the required stability conditions above) is con- 
structed as the Delaunay simplicial complex associated to a very fine Voronoi tessellation of the 
leaves. The proof that all this can be done is quite tedious, and uses only "elementary techniques" , 
along with effective estimates in each stage of the process. The details as given in [T7] are quite 
lengthy and involved. 

Given Theorem 18. 3[ we complete the proof of Theorem 11.41 Let 971 be an equicontinuous matchbox 
manifold. Assume that £q is such that there exists an adapted transverse Cantor foliation T-Lg a on 971. 
Let ksi denote the restricted equivalence relation on 97t adapted to Vlg. For each £ > £q, introduce 
the quotient spaces Mg = Vig/ and Mg = 971/ w^. Given a point x £ 971, let [x]g £ Mg denote 
its ~g equivalence class. 

PROPOSITION 8.4. Let 971 be an equicontinuous matchbox manifold, with £q as specified in 
Theorem \8.3[ Then for all I > £q, Mg is a closed n-dimensional topological manifold. 

Proof. For each x 6 971, the equivalence class [x]g is compact, for the quotient topology, Mg is a 
Hausdorff topological space. As 971 is compact and connected, Mg is also compact and connected. 

For z <E J\f and x G ii-D U^, recall that Vz(x) is an open plaque of T containing x. The restriction 
Qg : Vz{x) — ¥ Mg is a homeomorphism onto its image by Condition l8.H 2. We define the composition 



then the change of coordinate map (f>%/ ° is a homeomorphism, as each of the maps <$>i~ and 

in Condition 18. 11 2 are homeomorphisms. Thus, Mg has the structure of a topological manifold. □ 

We observe a basic point about the transverse foliations T-Lg induced on the Thomas tube T-Lg. 
LEMMA 8.5. The inclusion map induces a homeomorphism Lg : Lq = Tig/ ~g. 

Proof. Each leaf L C Hi intersects each transversal leaf of T-Lg in exactly one point, so the map Lg 
induced by the inclusion is a 1-1 onto map. The equivalences classes for Kg in T-Lg are compact, so 
the quotient topology is Hausdorff. The map Lg is continuous as it is induced by the inclusion of 
plaques, hence it is a homeomorphism. □ 

Let Qg : 971 — > Mg, given by Qg(x) = [x]g, denote the quotient map. 

LEMMA 8.6. For all £ > £q, the restriction ng — Qg\Lo : Lq — > Mg is a covering map. 




(x) ^ Qg(Pz(xj) 
7 such that x £ it- fl it~, n Ui- , 
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Proof. The map ttj> : Lo — > Me is a homeomorphism when restricted to each plaque Vz(z) so the map 
is a local homeomorphism of a complete Hausdorff topological space, hence is a covering map. □ 

LEMMA 8.7. For all £' > £ > £q, there is a covering map qe> t e '■ Mi' — > Me such that, for qe = qe,e , 
the maps satisfy qe> = qe o q f j j. 

Proof. For £' > £ > £q define ne = qi oil: Lq — > Mg. By the definitions of the equivalence relations 
~e on 9Jt and A/"o, the map ne can be factored as a composition 

(39) L — > fif — > m/ = M t , — > Mt/f* t = M t 

Define qe,e> : SE71/ Wf-> 911/ to be the natural quotient map, then <^< — qe o q# ^ follows. □ 

Recall that the inverse limit of the sequence of maps {qe.e+i ■ Mg + i — > Me \ I > £o} is the topological 
space 

(40) £{go< : M e > -» M £ } = < w = (u^u^+i, ...)€ ]] M e \ qej+i(^e+i) = u>t > 

{ t=t ) 

PROPOSITION 8.8. Let 9Jt be an equicontinuous matchbox manifold, with £q as specified in 
Theorem \8.3l Then there is a homeomorphism q: 9Jt — > S{qe,e' '■ Me> —> Me} of foliated spaces. 

Proof. For x G 9Jt define 

q{x) = ([x]t , [x]e a+1 , ■ ■ .) e : -> M^} 

which is well-defined by Lemma 18.71 The map to each factor, a; >-> qe(x) — [x]e is continuous by 
Lemma [8761 and (|40|) . hence the map q(x) is continuous. 

Finally, let x, y € 9Jt such that g(a;) = Then (x) = <#(?/) for all £ > £q. That is, x ~e V for all 
£ > 4. Define 

(41) m = max {d OT (x, 2/) | x «^ y , x, y e 971} 

For all z e iVo the diameter of V| C 1, C I is bounded above by ee by the inductive construction in 
Section [6] of these sets. By Lemma \2.9\ the diameter of the sections Ti~(V~) are bounded above by 
p T (ee). As ee — > as £ — > oo, we also have that their diameters p T {^i) —> as £ — >■ oo. Finally, there 
is a finite collection of maps $i~ which arise in the Condition l8.1l 2 for the fixed £o, hence they have a 
uniform modulus of continuity. Thus [ie — > as £ — > oo and consequently, the map q is injective. □ 

Combining the above results, we obtain: 

THEOREM 8.9. Let 9Jt be an equicontinuous matchbox manifold, let £q be defined by Theorem \8.tA 
and let Me be defined as above. Then 9Jt is homeomorphic to the solenoid S{qe,e< : — > Me} defined 
by the bonding maps qe^e+i- Me+\ — > Me- □ 

9. Homogeneous matchbox manifolds 

An equicontinuous matchbox manifold 371 has the structure of a solenoid by Theorem 18. 9[ although 
it need not be a McCord solenoid. In this section, we consider the case where 9Jt is homogeneous, 
and therefore is equicontinuous and without germinal holonomy. The homogeneous hypothesis, and 
Corollary 1 5. II of the Effros Theorem, implies special normality properties for the conjugation actions 
of the fundamental groups in the solenoidal tower (see (f43|) below), which then implies Theorem II. 2 1 
that 9JT is homeomorphic to a McCord solenoid. 

Note that Theorem 11.21 follows directly from Theorem 3 in Fokkink and Oversteegen [22] , that a 
homogeneous solenoid is McCord, and the proof we give is "essentially" the same. We include the 
proof for matchbox manifolds here, as the key idea follows naturally from our previous results. 
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Let VJl be an homogeneous matchbox manifold. We follow the notations of the previous sections. 
Recall that xq £ dJl is the fixed base-point, and Lq is the leaf in 9JT containing xq. As T has 
no holonomy, we can identify its holonomy covering Lq with Lq. We assume that the equivalence 
relations Kg as in Section [8] have been defined for all £ > £$. Then the basepoint for Mg is the 
equivalence class [xo]g. For £ > £q, set Hg — ni(Mg, [:eo]^). 

The bonding maps of the solenoid S{qgjj : M# — > Mg} induce homomorphisms of fundamental 
groups, 

(42) qi = qi Q ^: H t ->■ H ta , p e : Hg ->• , qi = qi-\op t 
so we obtain a tower of groups for £ > £q, 

(43) >Hg +1 P -^H e ^ > H eo 

Let He = qg(Hg) C %g a = Hg a which results in a descending chain of subgroups of finite index, 

(44) • • • C Ug+i cH e C---C Hi 0+ i C H £o 

Each manifold Mg is then naturally homeomorphic to the covering of Mg defined by the subgroup 
Hg, and the homeomorphism type of S{qg^ : Mg' — > Mg} is determined by the chain (j44]l . 

The claim of Theorem 1 1.2 1 is that 9JI is homeomorphic to a McCord solenoid, and this is an essential 
point, as we use a well-known criteria for when two inverse limit spaces with the same base space 
Mg are homeomorphic. 

THEOREM 9.1. Suppose that 9J? ^ S{q e ^: M t -> Mg} with subgroups Hg C Hg for £ > £ 
defined as above. Suppose there is given a second chain of subgroups of finite index, 

(45) ■ • • C K+i CKC--C Ko+i C K a ee u to 

such that there exists £\ > £q so that for every £ > £\ there exists vg > vq with W v , C T~ig, and 
for every v > Vq there exists £ v > l\ with T~ig v C H' y . Then the inverse limit space defined by the 
covering spaces M v — > Mg 1 associated to the chain of subgroups {4-5\j is homeomorphic to 9Jt. 

The proof of this result and its applications can be found in many sources [TBI [551 1301 [33 HH H31 HZ] ■ 

Thus, to show Theorem ll.2[ it suffices to produce £\ > £o and a chain of normal subgroups Mi C Hg 1 
which satisfy the criteria of Theorem 19.11 The existence of these normal subgroups follows from a 
geometric argument using the homogeneous hypothesis. 

First, we recall a basic notion of group theory. Let H C G be a subgroup, then the normal core 
of H, or the core for short, is the largest subgroup N C H so that N is normal in G. We use the 
notation Cq(H) = N . It may happen that Cg{H) is the trivial subgroup. If H has finite index in 
G, then for a set {gi, . . . ,g m } C G consisting of a representative of each residue class of G/H, then 
the core of H is the subgroup 

C G (H)= p| g^Hgt 

l<i<m 

Thus, if G is an infinite group and H has finite index in G, then Cg(H) is always an infinite group, 
with finite index in H. 

For £ > £q introduce the sections 

(46) G e = ( p- 1 (0,V e )cT 1 cU 1 . 

Note that xq 6 &g C &g , and for any x £ &g we have [x]g = [xo]g. For £' > £ > £ , the covering 
maps qg t g> : M# — > Mg are induced by expanding the equivalence classes of s^/ to those of 

Corollary 15.11 implies there exists 5^m so that for any x,y £ 9JI with dm(x,y) < (5rj)j, there is a 
homeomorphism 8 : DJt — > DJl with h{x) = y and d-n(8,id<xa) < e^/4. 

Recall the constants eg defined in (|30p with diam^(V r£ ) < eg and where eg — > monotonically. 
Let £\ > £o be chosen so that &g 1 C Bcxh(xq, dm)- It follows that for any ^ £ &g 1 there exists a 
homeomorphism 9 : SUl — > 9Jt with d-u{9 ,id<x)\) < eu/4 and 0(^) = xq. Note that this condition 
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implies that the map 9 is homotopic to map commuting with the quotient projections Qg : 9JI — > Mg 
for i > £1, which is the condition used in the work |22j . 

PROPOSITION 9.2. Let l>l\ then there exists £' > £ such that Uf C Cn (l {Hi). 

Proof. Recall the constants rig = min {^(W 7 ^, W^,) | 1 < k ^ k! < f3g} > defined in Section^ 

The subgroup Tig has finite index in 'Hg 1 , so we can choose {gi, ■ ■ ■ , g me } C Hi 1 consisting of a 
representative of each residue class of Hg 1 /Hg. Let {ji, ■ ■ ■ ,"f me } be leafwise paths so that for 
1 < i < rag we have: 

7,-(0) = x , 7j(1) = £,i G 64 , [7ik = ft G 
Let hi denote the holonomy transformation defined by the path 7,. Note that by Proposition 14.81 and 
the choice of £q, we can assume that V lt C V ° C D(hi) for 1 < i < m. Note that the inverse map 
h~ x is defined by transport along the reverse path 7~ 1 (t) = 7i(l — t) and that [7^ ]^ = g^ 1 S i/^. 

For 1 < i < to^, choose a homeomorphism 6*, : 9Jt — ^ with = £0 and d-u{0i,id<xn) < eu/4. 

Let ^ > be the constant of Lemma lfT8l such that Bx(wo,5g) C V C 1g. Set e| = p-„{5g), where 
the modulus function p^fe) for the transverse coordinate projections was defined in Lemma 12.81 

Each map 9i for 1 < i < mg is uniformly continuous, so there exists Sg > so that if 6 &g t 
satisfies d m (£,£') < 5* e then d m (6i(£), #,(£')) < e|. 

Now choose £' > £ so that 6^/ C i?an(a;o, <5|). We claim that C (Hi)- 

Given £ {g l7 . . . ,g me } and 6 € i?f we show that b £ g~ l Hggi. Equivalently, we show that the 
class gibg^ 1 e H ll is represented by a path : [0, 1] — > 9Jt such that Ci(O) = x and CTi(l) = ^e6( 
and thus gibg^ 1 6 i?^. 

Choose a leafwise path 7^ : [0, 1] —> 93t so that: 

7 6 (0) = x , 7a (l) = G , [7&k' = b£H e , 

The endpoint £ S^' C ©£ x so we can define a path 7? which shadows 7$ as in Lemma \3. 4) with 
7j'(0) = ^ and 7j'(l) = ^. Note that £b xo and holonomy transport along any path preserves the 
coding decomposition W, hence £■ = hi(^b) w f hi(xo) = £j. 

Form the concatenation cr* = 7,' * 7^ * 7. : [0, 1] — > Lq which satisfies cr*(0) = ^ € and cr*(l) = 

G &g ± . As the endpoints of the path a* are r% equivalent, we obtain a class [<J*]e r G 7Ti(M£/, 
which is a representative for the lift of the clement g$g~ l 6 Hg 1 . 

Now define the leafwise path = 0, o a* for each 1 < i < mg. Note that 

o-m = fli(7i(i)) = *«(£«) = x , o-i(i) = ^( 7 *(i)) = = er 

As e 6f C B<xn (xo,Sg), by the choice of £', 3} and €\ we have that ~e ^o- 

Moreover, the leafwise paths satisfy d<xx(o-i(t),a* (t)) < e^/4 for all < t < 1 hence by Lemma T3.41 
they determine the same holonomy transformations on their common domain and are homotopic 
when projected to Mg. □ 

Now apply Proposition 19.21 inductively. Let £\ > £ be defined as above. Take t = l\ + 1 and let 
£2 — £' be defined using Proposition 19.21 Then repeat, let £ = £2 and set £3 — £' , and so forth. 
Define the normal subgroups of 'Hg 1 by Mi = Cu ei C% 4 ) where % 4+1 C Mi- 

By Theorem 19. 1[ this completes the proof of Theorem 11.21 

10. TWO NON-HOMOGENEOUS EXAMPLES 

Every equicontinuous matchbox manifold is homeomorphic to a solenoid by Theorem 11.41 but it 
need not be a McCord solenoid and homogeneous. In this section, we give two general constructions 
of examples to illustrate this point. Before giving the examples, we first establish a basic result. 
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PROPOSITION 10.1. An n- dimensional solenoid is an equicontinuous foliated space. 

Proof. Let S — lim {pe+i ■ -Mg+i — > Mg} be an n-dimensional solenoid. Recall that by definition, we 
assume that each bonding maps pi is a proper covering. 

For t £ N, let qg : S — > Mg denote projection onto the £-th factor. Fix a point xq in Mq and let 
qo: (Mo,xo) — > (M ,xo) be the universal covering. Now let Uo be a neighborhood of xq homeomor- 
phic to an open ball that is evenly covered by qo and let Uo be the component of q^ 1 (Uq) that contains 
xq, and for u £ Uo, let u denote the point of Uq with qo(u) = u. We see that q ~ 1 (xo) x Uq is homeo- 
morphic to the open set q ~ 1 (Uo) in S by considering the homeomorphism h : q^ 1 (xo) x Uq — > <7^" 1 (J7o) 
constructed as follows. For a given / = (fg) E q^ 1 (x ), let qe[f] ■ (M , Xq) — > (Mg, fg) be the univer- 
sal covering satisfying p\ o • • • opt o qi\f \ — qo- Then 

h((f,u)) = (qg [/](«)) 

is the desired homeomorphism. The fiber g^" 1 (xo) is homcomorphic to a Cantor set, and so if we 
choose an appropriate open cover of Mq consisting of sets evenly covered by qo, we see that S 
meets the definition of a matchbox manifold. Also notice that Mo is path connected and that for a 
given / = (fg) £ q ~ 1 (xo), (qg(f)(Mo)) is a path connected and dense subset of S. Thus, the path 
components of S are dense and S is a minimal foliated space. (See also [221 Lemma 11 ff.].) 

To show that the foliation of T is equicontinuous, we show equicontinuity with respect to a pseu- 
dogroup determined by a foliation atlas of the form {g ( ^" 1 (Vi), . . . , g ( ^" 1 (VAr)}, where {V\, . . . ,Vn} 
is an open cover of Mq and the inverse of each chart is of the form hi'. x Vi — > g^ 1 ^) as 

above, where each Xi E Vi and Xi ^ Xj for i ^ j. Thus, 71 — q^ (xi) and % are subspaces of S. We 
identify the transverse space X with %, but in X we view the distances between points in distinct 
% as being 1. Now let < e < 1. For I £ N let 

eg = max{diam(q^ 1 (a;)) | x £ Mg}. 

Then eg — > 0. Choose k with ek < e and let d the degree of the covering p\ o ■ ■ ■ o p k . For each 
ie {1,...,N} let 

{y\,---,Vd} = (pi ° • • • °Pky 1 {x l ) 

and define i5 > to be the minimum of all the distances in X between the compact pairwise disjoint 
sets^j/j) for €{!,.. .,N}x{l,...,d}. 

Suppose that w = (wg), z = (zg) £ T r are within 6 and that both are contained in the domain of g £ 
Qjr. As w and z are within 6, we must have that w k = z^ = y % - for some (i,j) £ {1, . . . , N} x {1, . . . , d}. 
Let X = (io, ■ ■ ■ ,i a ) be the admissible sequence associated to g. Let 7u,,7 2 : [0,1] — > S be paths 
from w to g(w) and z to g(z) covered by (I,w) and {I,z) respectively and constructed such that 
qo ° Jw = qo ° Jz- As the covering p\ o • • • o pf, lifts the path go ° Jw — Io ° 7z to the paths 
<?fe ° Jw an d 9fe o 7 2 that agree on the initial point in Mfc, the paths must agree on their endpoints 
<7fc o g(w) — qk o7m,(1) = 9fc °7z(l) = % ° Thus, the distance between <7(w) and g{z) is less than 
or equal to e k < e, as required to show that Qjr is equicontinuous. □ 

10.1. Non-homogeneous solenoids. Observe that Proposition 110.11 implies that the existence 
of an n-solenoid without holonomy which is not homogeneous yields an equicontinuous, minimal, 
matchbox manifold that is not homogeneous. 

The first example of a solenoid that is not homogeneous was provided by Schori [47] . This example 
is formed by taking a specific sequence of non-normal three-to-one coverings of orientable surfaces 
of increasing genus. 

A simpler construction of a non-homogeneous solenoid was constructed by Fokkink and Oversteegen 
in |22[ Theorem 35], which gives an example with simply- connected path components. We briefly 
describe this example. 

Let S p denote the p-adic solenoid of dimension one, considered as an abelian topological group. 
The example can be described as the orbit space of an involution / on 1S3 x £35. To describe /, 
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consider S3 x 1S35 the inverse limit of an inverse sequence of tori T 2 = R 2 /Z 2 with single bonding 
map represented by the matrix ^ 35 J ' ^ e mvom ti° n ( x : y) ^ { x + \ i ~v) °f ^ 2 then induces 

the involution I on S3 x S35. As the orbit space of the involution of the torus described above is 
the Klein bottle, this space could also be described as a solenoid over Klein bottles. This example 
is similar to an example of Rogers and Tollcfson [33] , which could be described as the orbit space of 
the analogously defined involution on S 1 x ^2. 

10.2. Matchbox manifolds with holonomy. We give an construction of a class of examples of 
equicontinuous matchbox manifolds having leaves with infinite germinal holonomy groups. The 
method is very general though abstract. 

Let Ai = (gi, . . . , gk) be a finitely generated group, K\ a Cantor set with metric d\, and let p\ : Ai — > 
Homeo(Ai) define a minimal equicontinuous action of Ai on K\. 

Let Kq C [0, 1] be the "standard" middle thirds Cantor set, with coordinate < t < 1, with G Kq. 
Let do be the metric inherited from the interval [0,1]. Let Ai act on Kq x K\ via the second 
coordinate, where for g G Ai and (x,y) £ Kq x K\ we set g(x,y) = (x,gy). Now let 

K=(K o xK 1 )/{0}xK 1 

where we collapse the "vertical slice" {0} x K\ to a point, denoted by wq G K. Note that K is again 
a Cantor set. The action of Ai on Kq x K\ descends to a continuous action on K. 

Define the warp product metric dx on K by setting, for (x, y), {x' , y') £ Kq x K\ and letting 
[x, y], [x 1 , y'] £ K denote their equivalence classes, 

(47) d K ([x,y],[x',y']) = d (x, x') + ma,x{x, x'} ■ d x (y, y') 

Then the induced action of Ai on K is equicontinuous for this metric, but not minimal. 

Let K2 be a Cantor set, and ^2 : Z — > Homeo(AT2) be any minimal equicontinuous action. Choose a 
homeomorphism $ : K2 — > K and let (j>: Z — > Homeo(K) be the conjugate homeomorphism. Then 
the action <j> of Z on K is also equicontinuous, as K is compact. 

Let M = Sfe+i be a surface of genus m = k + 1, choose a basepoint bo £ M and a surjection 

A = 7ri(M, b ) -> Z* m = (/!,.../,, f k+l ) 

onto the free group on m generators. Then define a surjection of Z*™ 1 onto the free product Ai * Z, 
sending fi t— > gi, for 1 < i < k, and f m > 1 G Z. In this way, we obtain a minimal equicontinuous 
action of A on K. Furthermore, note that the subgroup of A corresponding to the first generators, 
■ ■ • fk) fixes the point wq £ K, yet acts non-trivially on open neighborhoods in K of this point. 

Suspend the action thus constructed of the fundamental group A on A" to obtain a 2-dimensional 
matchbox manifold, which is equicontinuous, hence minimal, and has very large infinite holonomy 
group for the leaf determined by the point wq in the transversal K. 

11. CODIMENSION ONE 

If 9JI is a minimal matchbox manifold, any homeomorphic copy of 9Jt that occurs as an invariant 
subset of a foliation T of the same leaf dimension as DJl must in fact be a minimal set of J- since 971 
would then be the closure of each of its leaves. 

As follows from a famous theorem of Denjoy and its generalization to foliations, any sufficiently 
smooth foliation of the 2-dimensional torus is either minimal or has compact (circular) leaves. 
Reeb [41] conjectured that sufficiently smooth codimension one foliations on closed manifolds could 
not have exceptional leaves. However, Sacksteder and Schwartz [46] constructed a C 1 codimension 
one foliation on a closed 3-manifold that has a 2-dimcnsional minimal set. This was improved to a 
C°° example by Sacksteder in [33] and to an analytic example by Hirsch in [27] . Thus, smoothness 
alone poses no obstacle to the existence of exceptional minimal sets in codimension one. Reeb [31] 
and Sacksteder [35] did, however, find added conditions on the foliation that eliminate the possibility 
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of exceptional leaves. Perhaps most notable of these conditions is that the foliation be defined by a 
locally free action of a connected Lie group ([45]). 

Alternatively, one could view the Denjoy dichotomy purely topologically. The exceptional Denjoy 
minimal sets of foliations of the torus are known to be not homogeneous; see, e.g., [U Example 4]. 
Hence, any homogeneous minimal set of a foliation of the torus is a circle or the torus itself. As 
indicated below, our results imply that this statement generalizes in a natural way. Thus, while 
smoothness does not force the regularity of minimal sets, a natural topological condition does. 

We recall the definition of an orientable foliated space [121 Definition 11.2.14]. 

DEFINITION 11.1. A smooth foliated space X is orientable if its tangent bundle is an orientable 
vector bundle over X . 

THEOREM 11.2. Let T be a smooth codimension one transversely orientable foliation of a closed 
orientable manifold M. 7/971 is a homogeneous minimal set of T , then 971 is a manifold. 

Proof. Suppose 97t is a homogeneous minimal set of T that is neither a closed leaf nor all of M. 
Then 97t is an exceptional minimal set, which in the codimension one case is well known to have the 
structure of a matchbox manifold in which the transverse space can be taken to be the Cantor set; 
see, e.g., [11] III, Theorem 7], As 971 is homogeneous, Theorem 11.21 applies to allow us to conclude 
that 97t is a McCord solenoid. By our assumption that J- is transversely orientable and that M is 
orientable, the plane field associated to T is orientable, see, e.g., [TTJ II, Theorem 5]. It then follows 
that the manifolds Af, formed by collapsing the tubes in Section [5] are orientable. By Lemma 2 
of [Uj, 971 does not embed (even topologically) in M, a contradiction. □ 

However, there are many examples of codimension n > 2 foliations with exceptional homogeneous 
minimal sets. For example, it is not difficult to construct a smooth flow on a three manifold without 
fixed points that has the dyadic solenoid as a minimal set. As the Denjoy exceptional minimal set 
shows, without the condition of homogeneity the above theorems fail. 

This definition implies that an orientable foliated space admits a foliation atlas in which all the 
leafwise transition maps have Jacobians with positive determinant. If the matchbox manifold 971 
is orientable when regarded as a foliated space and if 97t is at the same time a McCord solenoid, 
then there exist an inverse limit expansion for 971 in which all the manifolds are orientable. As 
a consequence of this and the impossibility of codimension one embeddings of solenoids as shown 
in [14], we obtain the following corollary, which is a generalization of the result of Prajs [39] that 
any homogeneous continuum in IR n+1 which contains an n-cube is an n-manifold. 

COROLLARY 11.3. Any orientable homogeneous n-dimensional matchbox manifold embedded in 
a closed, orientable (n + I) -dimensional manifold is itself a manifold. 



12. Problems 

We state three open problems, motivated by the results of this work and [16]. The first two are 
in the spirit of Corollary 111.31 as they concern the consequences of a matchbox manifold being the 
minimal set for a smooth foliation. 

PROBLEM 12.1. Let 97t be an equicontinuous matchbox manifold embedded as a minimal set of 
a C 2 -foliation J- of a closed manifold. Show that there exists a finite foliated covering U: 971 — > 971, 
as in DeHnition \3.8[ such that 971 is a McCord solenoid. 

In [16] we find embeddings of solenoids as minimal sets of smooth foliations. In all of these examples, 
the Galois groups of the covers in a presentation of the solenoid are abelian. This leads to the 
following problem, which is an even stronger form of Problem 112.11 
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PROBLEM 12.2. Let S be a McCord solenoid embedded in a C 2 -foliation J- of a compact manifold. 
Show that S admits a presentation in which all the covers are abelian. 

Finally, we formulate some questions about the relationship between a matchbox manifold and its 
group of homeoniorphisms. Note that Fokkink and Oversteegen ask a related question at the con- 
clusion of their work [22]. Define the normal closed topological subgroup of Homeo(97t) consisting 
of all leaf-preserving homcomorphisms 

Inner(97t) = {h £ Homeo(97t) | h(L) = L for all L C 971} . 

In analogy with geometric group theory constructions, introduce the group of outer automorphisms 
of a matchbox manifold 97? , which is the quotient topological group 

(48) Out (9Tt) = Homeo(97t)/Inner(97t) 

One can think of Out(97t) as the group of automorphisms of the leaf space 971, and thus should 
reflect many aspects of the space 97t - its topological, dynamical and algebraic properties. Very 
little is known, in general, concerning some basic questions in higher dimensions: 

PROBLEM 12.3. Let 971 be a matchbox manifold with foliation J-<m- 

(1) //Out(OJt) is not discrete, must it act transitively? If not, what are the examples? 

(2) //Out(97t) is discrete and infinite, what conditions on 97t imply that it is finitely generated? 

(3) Suppose that 97t is minimal and expansive, must Out (971) be discrete? 

(4) For what hypotheses on 971 must Out (971) be a finite group? 
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